MODIFIED PROOF OF A LOCAL ANALOGUE 
OF THE GROTHENDIECK CONJECTURE 



Victor Abrashkin 

Abstract. A local analogue of the Grothendieck Conjecture is an equivalence of 
the category of complete discrete valuation fields K with finite residue fields of char- 
acteristic p ^ and the category of absolute Galois groups of fields K together with 
their ramification filtrations. The case of characteristic fields K was considered by 
Mochizuki several years ago. Then the author proved it by different method if p > 2 
(but char K = or p). This paper represents a modified approach: it covers the case 
p = 2, contains considerable technical simplifications and replaces the Galois group 
of K by its maximal pro-p-quotient. Special attention is paid to the procedure of 
recovering field isomorphisms coming from isomorphisms of Galois groups, which are 
compatible with corresponding ramification filtrations. 

Resume. Un analogue local de la conjecture de Grothendieck est une equivalence 
entre la categorie des corps K complets pour une valuation discrete a corps residuels 
finis de caracteristique p ^ 0, et la categorie des groupes galoisiens absolus de corps 
K munis de la filtration de ramification. Le cas des corps de caracteristique a ete 
considere par Mochizuki il y a quelques annees. Par la suite, le present auteur a 
demontre l'equivalence par une methode differente si p > 2 (mais char K = or p). 
Dans Particle presente ici, une modification de l'approche precedente est envisagee: 
elle couvre le cas p = 2, contient des simplifications considerables et remplace le group 
galoisien absolu de K par son pro-p-quotient maximal. Une attention particuliere 
est accordee au procede de reconstruction d'isomorphisme de corps obtenu a partir 
d'isomorphisme de groupes du Galois qui sont compatibles avec les filtrations de 
ramification correspondantes. 



0. Introduction. 

Throughout all this paper p is a prime number. If E is a complete discrete 
valuation field then we shall assume that its residue field has characteristic p, E 
is considered as a subfield of its fixed separable closure E sep , Ye = Gal(E sep /E). 
E(p) will denote the maximal p-extension of E in E sep and Te(p) = Gal(E(p)/E). 

Assume that E, E' are complete discrete valuation fields with finite residue fields 
and there is a continuous field isomorphism \x : E — > E'. Then \i can be extended 
to a field isomorphism ft : E(p) — > E'(p). The correspondence r i— > fi~ 1 rfi (cf. 
the agreement about compositions of morphisms in the end of this Introduction) 
defines a continuous group isomorphism JJl* : Te(p) — ► ^E'ip) such that for any 
v ^ 0, ji*(TE(p)^) = Te'(pp v '- Here Te(p)^ is the ramification subgroup of 
Te(p) in the upper numbering. 

The principal result of this paper is the following theorem. 
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Theorem A. Suppose E, E' are complete discrete valuation fields with finite residue 
fields and there is a continuous group isomorphism g : IV (p) — ► IV/ (p) such that 
for any v ^ 0, g(TE(p)^ v ') = ^e'(p)^ v - Then there is a continuous field isomor- 
phism Jjl : E(p) — > E'(p) such that ft(E) = E' and g = ft* . 

This theorem implies easily a corresponding statement, where the maximal p- 
extensions E(p) and E'(p) and their Galois groups IV (p) and Te'{p) are replaced, 
respectively, by the separable closures E sep and E' se and the Galois groups V e and 
IV/ • Such a statement is known as a local analogue of the Grothendieck Conjecture. 
Mochizuki [Mo] proved it for local fields of characteristic 0. His method is based on 
an elegant application of Hodge- Tate theory. Under the restriction p > 2 the case of 
local fields of arbitrary characteristic was proved by another method by the author 
[Ab3] . This proof is based on an explicit description of the ramification subgroups 
Tk(j>)( v ' modulo the subgroup C^{Tk{p)) of commutators of order ^ 3 in Tk{p), 
where K = &((£)), and k is a finite field of characteristic p > 2. The restriction 
p 7^ 2 appears because the proof uses the equivalence of the category of p-groups 
and of Lie Z p -algebras of nilpotent class 2, which holds only under the assumption 
p > 2. 

The statement of Theorem A is free from the restriction p ^ 2. Its proof follows 
mainly the strategy from [Ab3] but there are several essential changes. 

Firstly, instead of working with the ramification subgroups Tk(p)^ v \ v ^ 0, we 
fix the simplest possible embedding of Tk(p) into its Magnus's algebra A and study 
the induced titration by the ideals AS V \ v ^ 0, of A. As a result, we obtain an 
explicit description of the ideals A^ modj7" 3 , where J is the augmentation ideal 
in A. This corresponds to the description of the groups Tk(pY v ' modC^r^^)) 
in [Abl] but it is easier to obtain and it works for all prime numbers p including 
p = 2. 

Secondly, any continuous group automorphism of Fk(j>) which is compatible 
with the ramification filtration induces a continuous algebra automorphism / of 
A such that for any v ^ 0, f(A^) = A( v) . Similarly to [Ab3], the conditions 
f(A< v) ) mod J 3 = iWmodJ 3 imply non-trivial properties of the restriction of 
the original automorphism of Tk(p) to the inertia subgroup /#-(£>) ab of the Galois 
group of the maximal abelian extension of K. These properties are studied in detail 
in this paper. This allows us to give a more detailed and effective version of the 
final stage of the proof of the local analogue of the Grothendieck Conjecture even 
in the case p^2. In particular, this clarifies why it holds with the absolute Galois 
groups replaced by the Galois groups of maximal p-extensions. 

The methods of this paper can be helpful for understanding the relations between 
fields and their Galois groups in the context of the global Grothendieck Conjecture. 
For example, suppose F is an algebraic number field, F is its algebraic closure, 
IV = Gal(F/F), p is a prime divisor in F, p is its extension to F and F pi Fp are the 
corresponding completions of F and F, respectively. Then T F ,p = Gal(Fp/F p ) C 
r_p is the decomposition group of p. Suppose F is Galois over Q and g p : ^f,p — > 
Tf,p is a continuous group automorphism which is compatible with the ramification 
filtration on T F ,p- By the local analogue of the Grothendieck Conjecture, g p is 
induced by a field automorphism Jjl p : F p — > F p such that Jjl := ftp\p maps F to 
F (because p,(Q) = Q), and, therefore, F to F (because F is Galois over Q). So, 
p, induces a group automorphism g of IV, which extends the automorphism g p of 
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g p G Autr^ ; p can be extended to g G AutlV if and only if g p is compatible with 
the ramification filtration on Tp,p- 

It would be interesting to understand how "global" information about the embed- 
ding of Tp,p into 1> is reflected in "local" properties of the ramification filtration 

of r FtP . 

Everywhere in the paper we use the following agreement about compositions of 
morphisms: if / : A — ► B and g : B — > C are morphisms then their composition 
will be denoted by fg, in other words, if a G A then (fg)(a) = g(f(a)). One of the 
reasons is that when operating with morphisms (rather that their values in a G A) 
the notation fg reflects much better the reality that / is the first morphism and g 
is the second. 

The author is very grateful to Ruth Jenni for very careful checking of the final 
version of this paper and pointing out various inexactitudes and misprints. 

1. An analogue of the Magnus algebra for T(p). 

In this section K = k((tx)) is the local field of formal Laurent series with residue 
field k = ¥ qo , where q = p N ° , No G N, and tx is a fixed uniformiser of K (in most 
cases tx will be denoted just by t). We fix a choice of a separable closure K sep of AT, 
denote by K(p) the maximal p-extension of K in A sep and set Y = Gal(A sep /A), 
T(p) = Gal(K(p)/K). 

1.1 Liftings. Notice first, that the uniformiser tx of K can be taken as a p-basis 
for any finite extension L of K in A sep . For M G N, set 

Om(L) = W M (v M - l L)[t KM ] C W M (L), 

where Wm is the functor of Witt vectors of length M, a is the p-th power map 
and tjc,M = [tx] — (tx, 0, . . . , 0) G Wm(L) is the Teichmiiller representative of tx- 
Very often we shall use the simpler notation t for tx,M (as well as for tx)- Om(L) 
is a lifting of L modulo p M or, in other words, it is a flat WM(¥ p )-module such that 
Om(L) modp = L. This is a special case of the construction of liftings in [B-M]. 

Let Om(A S6 p) be the inductive limit of all Om{L), where L C A sep , [L : K] < oo. 
Then we have a natural action of V on OM(A sep ) and OM(A sep ) r = Om(K) = 
Wm (&)((£))• We shall use again the notation a for the natural extension of a to 
OM(Ksep)- Clearly, 0M(A" sep ) |o-=id = Wm(¥ p ). Introduce the absolute liftings 
0(K) = |imO M (A) and 0(A sep ) = hmO M (A sep ). Again we have 0(A sep ) r = 

M M 

O(K) and 0(A sep )| (T= id = W(¥ p ). We can also consider the liftings Om(K(p)) and 
0(K(p)) with the natural action of T(p) and similar properies. 

Notice that for any j G 0(K(p)) there is an i G 0(K(p)) such that a{i) — i = j. 

1.2. The algebra A. 

Set Z(p) = {a G N | (a,p) = 1} and Z°(p) = Z(p) U {0}. Let A k be the profinite 
associative VF(/c)-algebra with the set of pro-free generators {D an \ a G Z(p),n G 
ZmodA } U {D }. 

This means that Ak = ^luAcMk^ where C, M G N, 

C,M 

a t j/ - /7-\rrf 7-1 i „ ^ ri „ ^- ^™„j in 
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and the connecting morphisms Ac 1 M 1 k — ► Ac 2 M 2 k are defined for C\ ^ C2, 
Mi ^ M 2 and induced by the correspondences D an 1— > if C2 < a < Ci and 
_D an I— > _D an if a ^ C2, and by the morphism WM 1 (k) — ► WM 2 (k) of reduction 
modulo p M2 . 

Denote again by a the extension of the automorphism a of W(k) to Ak via 
the correspondences a : _D an 1— > £) a ,n+i> where a G Z(p) , n G ZmodJVo, and 
the correspondence Do >— ► -Do- Then ^4 := ^4fc| CT =id is a pro-free Z p -algebra: if 
/?!,..., /?jv is a Zp-basis of W(k) and, for a G Z(p) and 1 ^ r < iVo, 

£>M : = Yl ° n (Pr)D an , 

n£Z mod No 

(r) 

then {DJi | a G Z(p), 1 ^ r < A^ }U{Do} is a set of pro-free generators of A. Notice 
also that if . . . , q;jv G is a dual basis for /?!,..., /3at (i.e. Tr^/^-) = 5^ , 

where 1 < z, j < iVo and Tr is the trace of the field extension W(k) ® Q p over Q p ) 
then for any a G Z(p) and n G ZmodiVo, it holds 

l^r^N 

Denote by J, resp. Jcm, the augmentation ideal in A, resp. »4cm- Set 
A K ■■= A®0{K), Acmk = A C m®0(K), A K ( p ) = A®0(K(p)). We shall also 
use similar notation in other cases of extensions of scalars, e.g. Jk = J®W(k), 
Jk = J®0{K), J K{V) = J®0{K{p)). 

1.3. The embeddings ifj / . 

Take «o G W(k) such that Tr(ao) = 1, where again Tr is the trace of the field 
extension W(k) <8> Q p D Q p . For all n G ZmodiVo, set D 0n = a n (a )D and 
introduce the element 

e = 1 + J2 *~°A»o G 1 + Jk- 

a£Z (p) 

We shall use the same notation e for the projections of e to any of 
Acmk mod Jqmki where C,M,n E N. 

Proposition 1.1. There is an f G 1 + Jk( p ) such that cr(f) = fe. 
Proof. For (7, M, n G N, set 

ScMn = j/ G 1 + JcMK(p) m °dJg M K(p) \ a f = f e m °d J(j M K (p) } ■ 

We use induction on n G N to prove that for all C, M, n G N, ScMn 7^ 0- 
Clearly, S C mi = {1} ^ 0- 

Suppose that 5cMn 7^ and / ^ ScMn- Then cr(/) = /emod Jcmk{ p )- Let 

= 1 + JcMK(p) mod fi(p) ► 1 + JcMK(p) m °dJcMK(p) 

be the natural projection. If fi G 1 + Jcmk(p) m °d>JcM 1 K(p) * s such that 7r(/i) = / 
then <t(/i) = /ie + j mod J£m K(p) , where j G J£ MK (p)- There is an 2 G J£ MK{v) 
such that cr(z') — z = j, cf. n.1.1. Therefore, 

A _ „^ _ f. \ A _ (A \ A\ — ( f. _ 
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using that ie = i mod Jcmk{p) ' an< ^ ^CM,n+i 7^ because it contains fi — i. 

Notice that each ScMn is a finite set and each / G ScMn has a finite field of 
definition. This follows from the fact that for any C, M, n G N, the Z p -module 
Acm mod J7^ M has finitely many free generators and, therefore, the equation of = 
fe is equivalent to finitely many usual polynomial equations. Also notice that 
{ScMn | C, M, n G N} has a natural structure of projective system. Therefore, 
hm ScMn 7^ 0, and any element / of this projective limit satisfies / G 1 + Jk{ v ) 

C,M,n 

and o(f) = fe. 

The proposition is proved. 

For any / G 1 + Jk( p ) such that o(f) = fe and r G set ipf(r) = ( r /)/ _1 - 

Clearly, a(^(r)) = r(a/)(a/)- 1 = (r/Jee" 1 / = ^/(r). Therefore, ^(r) G 

(1 + Jx(p))|<7 = id = 1 + J"- 

Proposition 1.2. aj V'/ ^ o closed group embedding ofT(p) into (1 + l 7) x . 

bj V/ induces an isomorphism ipf h of the topological groups T(p) ah and 

(l + J) x modJ 2 . 

c) If fi G 1 + Jk( p ) is such that o~(fi) = fie then there is an element c G 1 + J 
such that for any r G T(p), V , /i( T ) = c^/(r)c _1 . 

dj -0/ induces an embedding of the group of all continuous automorphisms AutT(p) 
m£o the group Aut^4 of continuous automorphisms of the Z p -algebra A. 

Proof, a) Clearly, ipf can be treated as a pro-p- version of the embedding of the 
group T(p) into its Magnus algebra. Therefore, by [Se, Ch.l, n.6], ipf induces, for all 
n G N, the closed embeddings of the quotients C n (T(p)) /C n+ i(T(p)) of commutator 
subgroups in T(p) into 1+J n mod J n+1 . This implies that ipf induces, for all n ^ 1, 
the closed group embeddings of Y(p) /C n (T{p)) into 1 + JmodJ n , and therefore, 
ipf is a closed group monomorphism. 

b) Consider the profinite Z p -basis {Da \ a G Z(p),l ^ r ^ N } U {-Do} for 
J mod J 2 from n.1.2. For 1 ^ r ^ A , as earlier, consider a r G W(k), which form 
the dual basis of the basis {/3 r | 1 ^ r ^ A } chosen in n.1.2 to define the generators 
D { ;\ Then 

e = l+ u r t~ a D^ +a D 

and 

where for 1 ^ r ^ A and a G Z(p), /a and f belong to 0(K(p)) C 

(r) (r) _ 

and satisfy the equations cr/a — fa — ct r t a and cr/o _ fo = ao- 
Then for any r G 

V>/(r) = 1 + " tfW + (r/o - /o)A> mod j£ (p) 

and the identification ipf : T(p) ah ~ (1 + J r ) x modj7" 2 is equivalent to the identifi- 
cations of Witt-Artin-Schreier theory 
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c) Clearly, = = Aee" 1 /" 1 = /i/" 1 - Therefore, 

A/" 1 = c G (1 + J K(p) ) r\A=l + J 

and for any r G T(p), 

^(r) = r(/ 1 )/f 1 = ricf^cf)- 1 = cirf)/- 1 ^ 1 = ^/(tJc" 1 . 

d) This also follows from the above mentioned interpretation of .4. as a profinite 
analogue of the Magnus algebra for T(jp). 

1.4. TTie identification ijj^ h . 

As it was already mentioned in the proof of proposition 1.2 the identification 
i/>^ b comes from the isomorphism of Witt-Artin-Schreier theory 

I» ab = Rom(0(K)/(a - id)O(K), W(¥ p )) 

and does not depend on the choice oft = tK and / G 1+<Jk( p )- Suppose 7~o G T(p) ah 
is such that V , / b ( 7 "o) = 1 + -Do an d for a G Z(p) and 1 ^ r ^ Ao, the elements 
ri r) G T(p) ab are such that ^f{ri r) ) = 1 + £>i r) mod J 2 . Then the element 

e = 1 + « £>o + ^ a r t~ a D^ 

a,r 

corresponds to the diagonal element <y ®T +J2a r a rt~ a ^T~a r ' > from 0(K)®T(p) ah = 

O(K) © Hom(0(AT)/((T - id)O(AT), Z p ) = Rom(0(K)/(a - id)0(K),0(K)), 
which comes from the following natural embedding 

0(K)/(a - id)O(K) = ®aez( P )W(k)t- a © W(¥ p )a C O(K). 

The above elements To, resp. ri , correspond to t, resp. E(f3 r ,t a ) 1 / a , by the 
reciprocity map of local class field theory. (Here fii, . . . ,/3tv G were chosen 

in n.1.2 and for (3 G W(k), 

E(P, X) = exp(/3A + (a/3)X p /p + ■■■ + (a n /3)X pn /p n + . . . ) G W(k) [[X]] 

is the generalisation of the Artin-Hasse exponential introduced by Shafarevich [Sh].) 
This fact follows from the Witt explicit reciprocity law, cf. [Fo]. Then the elements 
D an , where a G Z(p) and n G ZmodAo, correspond to 

]T (T n (a r ) © E(P r , t a ) l/a G W(k) ©z p Ga, 

where the (multiplicative) group Q a := {E{^y,t a ) | 7 G W(k)} is identified with 
the Zp-module of Witt vectors W(k) via the map E('j,t a ) 1 / a 1— > 7. Consider the 
identification 

W(k) © Zp W(fc) = © meZ mod N W(k) m 

given by the correspondence a © /? 1— > {cr _m (a:)/?} m eZmod at . Under this identifi- 
cation the element -D an corresponds to the vector 5 n G ©mW(&)m, which has n-th 
coordinate 1 and all remaining coordinates 0. This interpretation of the generators 
D an will be applied below in the following situation. Suppose [k' : k] < 00, k' ~ F g / 

with g = p N o. Clearly, Nq = 0modA . For a G Z(p) and n G ZmodAo denote 
by _D^ n an analogue of D an constructed for K' = k'((tK')) with tx 1 = t. Let 
V = Gal(A sep /A') and let T'(p) be the Galois group of the maximal p-extension 
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Proposition 1.3. For any a G Z(p) andn G Zmod Aq, L>^ n is mapped to D a n mo a at q 

under the map T'(p) ah — > T(p) ah , which is induced by the natural embedding 

v c r. 

2. Action of analytic automorphisms on I ah (p). 

As earlier, K = k((t)), k ~ F go with g = i^ and r(p) = Gdl(K(p)/K). Let 
J(p) be the inertia subgroup of T(p) and let I(p) ah be its image in the maximal 
abelian quotient T(p) ah of T(p). 

2.1. Consider the group Aut A" of continuous field automorphisms of K. Let 
Fr(£) G Aut A" be such that Fr(t)\k = o and Fr(£) : t i— > £. Then any element 
of Aut A is the composition of a power Fr(t) n , where n G ZmodA , and a field 
automorphism from Aut°(if) := {rj G Aut A \ rj\ k = id}. Notice that any rj G 
Aut° K is uniquely determined by the image 77(f) of t, which is again a uniformizer 
in if. 

Let Autx K(p) be the group of continuous automorphisms fj of K(p) such that 
r/|x G Aut A. Then Aut^ A(/j) acts on F(p): if 77 G Aut^ A(/j) and r G 
then the action of fj is given by the correspondence r 1— > 77* ( T ) = fj~ 1 rfj, i.e. 

?7*(r) : K(p) — > A(/j) — ^ A(/j) — ^ A(/j), cf. the introduction for the agreement 
about compositions of maps. The action induced by fj* G AutxA(jj) on F(p) ah 
depends only on rj := t]\k and will be denoted simply by rj* . 

2.2. Let M = I(p) ah ® ¥ p . If is the group of principal units in A then we 
shall use the identification M = Uk/U^-, which is given by the reciprocity map 
of local class field theory. Notice that, with respect of this identification, for any 
i] G Aut A, the action 77* comes from the natural action of r\ on A. We shall denote 
the /c-linear extension of the action of rj to Mk '■= M ®f p k by the same symbol rj*. 

Use the map m 1— > (-i/^ b (m) — l)mod/j to identify Mk with a submodule of 
Jk mod(/j, J7jt )• For a G Z(/j) and n G Z mod Ao, consider the images of the elements 
D an , where a G Z(/j) and n G ZmodAo (cf. n.l), in J7fc mod(/j, ^). Denote these 
images by same symbols. Then they give a set of free topological generators of the 
fc-module Mk- The action of 77 G Aut if onAijt in terms of these generators is as 
follows. 

Proposition 2.1. 1) Fr(t)*(D an ) = D , n _i; 
2) if rj £ Aut if, tfien 

^ t-V(Ax))= r/- 1 (t)- a J D a0 mod(A ; + (a-id)if)®^. 

Proof. 1) Consider the generators a r Da of „4 from n.l. 2, where a G Z(/j), 1 ^ r ^ 
Aq. Note that the residue of the corresponding element e — 1 modulo 
(a — id) A ® (J" mod J" 2 ) does not depend on the choice of t or of the elements 
cki, «2, • • • , ckjv ) because this is the diagonal element of Artin-Schreier duality. 
Therefore, if Fr(t)*(D { a r) ) = D' a {r) and Fr(t)*(£> ) = £>o then 



e-1 = a(a ) ®I^o + ^a(a r )t- a ® L>; (r) 
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(2.1) = a <g> D + a r t~ a <g> £> a r) mod(c7 - id)K (J mod J 2 ). 

a,r 

So, for any a G Z(p), we see that in ®f p = Alfc 

r r 

Denoting the /c-linear extension of Fr(t)* by the same symbol, as usual, we have 
Fr(t)*(D a0 ) = J2®r® Pr(t)*(DW) = $> r ® £# r > = a" 1 ^ = £> a ,_i. 

r r 

Therefore, for any a G Z(p) and n G ZmodiVo, Fr(t)*(D an ) = D a;n _i. Notice also 
that congruence (2.1) implies that Fr(t)*D = D . 

2) Using that rj is a /c-linear automorphism of X and proceeding similarly to the 
above part 1) we obtain that 

v(t)~ a V*(D a o)= Yl t- a D a0 mod(a-id)K®M. 

aez(p) aez( P )° 

Now apply (?? _1 <8> id) to both sides of this congruence and notice that we can omit 
the terms with index a = when working modulo (k + (a — id)K) <8> M, because 
they belong to M.k- The lemma is proved. 

2.3. If / is a continuous automorphism of the F p -module M, we agree to use 
the same notation / for its /c-linear extension to an automorphism of M.k- For any 
a G Z(p), set 

f{D a0 ) = Y a abn (f)D bn . 

b€Z(p), n€Z mod N 

Then all coefficients Oi a bn{f) are hi k. Sometimes we shall use the notation a a b n (f) 
if a or b are divisible by p, then it is assumed that a a bn(f) = 0. Notice that for any 
mGZ mod No, 

f(D am ) = Yl a m (a abn (f))Db 

6€Z(p),neZmod N 

Definition. For any v£N, let be the minimal closed F p -submodule in M. 

such that M.^ := ® k is topologically generated over k by all D an , where 

a G Z(p), a ^ v and n G ZmodiVo. (Notice that M = M^.) 

Definition. Aut a dm-M is the subset in the group Aut.M, consisting of all contin- 
uous Fp-linear automorphisms / satifying a a ,6,mmod n (/) = if bp m < a, for any 
a, be Z(p) and -N Q < m ^ 0. 

It is easy to see that: 

(1) Aut a d m -M is a subgroup of Aut.M; 

(2) if / G Aut adm .M then for any a G N, f(M i - a ^) C .M (a) , i.e. / is compatible 
with the image of the ramification filtration in Ai; 

(3) if / G Autadm M then for any a G Z(p), a aa0 G fc* and a aan (/) = if n 7^ 0. 
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Definition. For / G Aut M, let / an G EndAf be such that for all a E Z(p), 

/an(Aio) = ^ Ct ab o(f)D b0 . 

b£Z(p) 

Proposition 2.2. If f,g E Aut a d m Af £/ien /or any a, 6 G Z(p) swc/i i/iai a < b < 
ap N % 

aabo(fg) = ^2a a co(f)a c bo(g)- 

c 

Corollary 2.3. If v < p N ° then the correspondence f i— > / an is a group homomor- 
phism from Aut a dm M. to Aut a dm M. mod M. ^ . 

Proof of proposition. We have 

C^ajCjn mod JVo ,m mod No ,(m+n) mod iVo • 

m+n=0 mod JVo 
0>n,m>-JV 

Then a a ,c,nmodAr (./) ^ implies that cp n ^ a and a c ,6,mmod at (^) 7^ implies 
that bp 171 ^ c. So, if the corresponding coefficient for -D6,(m+n)modJV is n °t zero 
then bp m+n ^ a, i.e. m + n > —N and, therefore, m = n = 0. 

The following proves that Aut K C Aut a d m Al 

Proposition 2.4. If fj E Aut if i/ien n* G Aut adm At. 

Proof. For a G Z(p), set 

T/- 1 ^)- ^ J2 labst-^ mod k[[t]]. 

bei{p),s^o 

Clearly, 7 abs = if bp s > a. It follows from part 2) of proposition 2.1 that 

r]*(D b0 ) = E 0- _S (7a6s)-Da ,-smodATo- 

Therefore, for ^ m < N 0: 

Ct b , a ,-m mod N (V*) = E a ~ S (labs) 

s=m mod Nq 

and a/p m < b implies for s = mmodiVo, s ^ 0, that a/p s < b. So, bp s > a, 7 a 6 s = 

and a b) a ,-mmodN (v*) = 0. 

The proposition is proved. 

2.4. In this subsection we prove three technical propositions. Notice that in 
proposition 2.5 we treat the case of fields of characteristic p ^ 2 and in proposition 
2.6 the characteristic of K is 2. Propositions 2.5-2.7 will be used later in section 5. 
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Proposition 2.5. Suppose p 7^ 2, w G N, w + 1 < p and f G Aut a d m -M 
is such that oti a o(f) = Si a if 1 ^ a < wq and «2ao(/) = if a = lmodp and 
a ^ wo- Then there is an w £ Aut° K such that i](t) = t modt w ° , ai a o(/ ? ?*) = <^ia 
z/ 1 ^ a < tuo + lj and ot2ao(fv*) = z'/a = 1 modp and a ^ wo + 1. 

Proof. Take 77 G Aut° K such that n _1 (t) = t(l + 'jt w °~ 1 ) with 7 G fc. Then for any 
a G Z(p), n _1 (t~ a ) = t~ a (l - a'jt™ ' 1 ) modt~ a+w °, and part 2) of proposition 2.1 
implies that a aa0 (r]*) = 1, a a &o(«*) = 0ifa<o<a + w -l, aa,a+™ -i,o(«*) = 
-(a + w - 1)7. 

Therefore, by proposition 2.2 ai a o(fr]*) = 8i a if 1 ^ a < w and a 2a o(/ ? ?*) = 
if a = 1 modp, a ^ i«o. 

Suppose wo ^ Omodp. Then by proposition 2.2 

otiw o(fv*) = -wol + cti Wo0 (f) = 

if 7 = w ~ 1 ai Wo o(f)- This proves the proposition in the case wo ^ Omodp, because 
wo + 1 ^ 1 modp and no conditions are required for a2, Wo +i,o(fv*)- 

Suppose wo = Omodp. Then there are no conditions for ai Wo o(frj*) and by 
proposition 2.2 

a2,tuo + l,oW) = «22o(/)tt2,^ +l,o("*) +Q!2, W o+l,o(/)«wo + l,^o+l,o(^*) 

= -«22o(/)7 + a2, Wo +i,o(/) = 

if 7 = «2,™o+i,o(/)a22o(/) _1 - (Using that / G Aut a dm-M hence a 2 2o(/) G k*.) 
The proposition is proved. 

Proposition 2.6. Let M e N, p = 2, w = AM and w + 1 < 2^°. Suppose 
f G Aut adm .M is such that a la0 (f) = S la if 1 ^ a ^ w - 3 and a 3a0 (f) = 5 3a 
if 3 ^ a ^ wo — 1. T/ien t/iere is an rj E Aut° K suc/i £/ia£ aiaoifv*) = o~i a and 

tt3ao(/«*) = #3a z'/a ^ W + 1- 

Proof. 1st step. 

Take n x G Aut° K such that nf 1 ^) = t(l + 7it 4M " 2 ) with 7l G k. Then for 
a G Z(2), r/r 1 ^ -0 ) = ^""C 1 + 7i^ 4M " 2 ) modt- a+4M and by part 2) of proposition 
2.1, a aa o(Vi) = «o6o("i) = if a <b < a + AM - 2, and a a ,a+4M-2,o(«i) = 7i- 

So by proposition 2.2, a la o(frj*) = «iao(/) if a < AM -3 = w -3, a 3 ao(fVi) = 
«3ao(/) if a ^ 4M - 1 = w - 1, ai, Wo -i,o(/"i) = «i,»„-i,o(/) + ai,» -i,o(^) = 
if 7i = ai, Wo -i,o(/)- 

2nd step. 

By the above first step we can now assume that ai, Wo -i,o(f) = 0. 

Take n 2 G Aut° K such that n 2 _1 (t) = t(l + 7 2 t 2M_1 ). Then for a G Z(2), 
n^ 1 ^-") = t" a (l + 7 2 t 2M - 1 +5(a) 7 |t 4M - 2 ) modt- a+4M , where 5(a) = a(a + l)/2. 

So by part 2) of proposition 2.1, ciaao^) = U a abo(V2) = if a < 6 < a + 4M — 2 
(notice that -o+2M-l = 0mod2), and a a ,a+4M-2,o( ? ?2) = S(a+AM— 2)7! (notice 
that 5(a + 4M -2) = if a = lmod4 and 5{a + AM - 2) = 1 if a = 3mod4). 

Again by proposition 2.2, ai a o(/r7 2 ) = «iao(/) if a ^ AM — 1 = nj — 1 (use 
that ai, Wo -i,o(/) = ai, W0 -i, («2*) = 0), ^aoUvl) = «3ao(/) if a < 4M - 1 = 
w - 1, a!3,ti;o+i,o(/»72) = «3,^ +i,o(/) + «3,»„+i,o(??2 ) = if 72 G fe is such that 

.,2 / -p\ 
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3rd step. 

Now we can assume that ai, Wo -i,o(f) = at3,w +i,o(f) = 0. 

Take rj 3 G Aut° K such that ^(t) = t(l + 7 3 t 4M ). Then for a G Z(2), 
^\t~ a ) = t~ a (l +7 3 t 4M )modt- a + 4M + 2 , a aa0 (%*) = 1, a ab0 ( V * 3 ) = if a < 
b < a + 4M, and a^ a+ ± M ,o{ril) = 73- 

This implies that a la0 (fr} 3 ) = a la0 (f) if a ^ 4M - 1 = w - 1, ai, Wo +i,o(/^3) = 
ai,tuo+i,o(/) + «i,» +i,o(??3) = if 73 = ai, Wo+ i,o(/) and a 3 ao(/??3) = «3ao(?) if 
a < ty + 1- 

The proposition is proved. 

Proposition 2.7. Suppose a G Z(p), w ^ ap^ , where w G pN, iw > a + 1 z/ 

p 7^ 2 and iuo G 4N, wo>a + 2ifp = 2. Suppose r},r}\ G Aut° K are s«c/i taat 
for any 6, c G Z(p) satisfying the restrictions a^c^b<wo^ ap N ° , we have the 
equality 

&cbo(v*) = a c &o(?7i)- 

Then rj(t) = rji(t) modt^ , where v$ = w>o — a + 1 if p 7^ 2 and vq = (wo — a + l)/2 
ifp = 2. 

Remark. With notation from n.2.3 this proposition implies that if 
Viln ^JJanmodM^ ' then i](t) = 771 (t) mod t v ° . 

Proof. Use proposition 2.2 to reduce the proof to the case 771 (t) = t. 
Suppose, first, that = at mod t 2 . Then 

(2.2) a cc0 (rj*) = a- c = l. 

. If a + 1 G Z(p) then p ^ 2 and we can use formula (2.2) for c = a, a + 1 to prove 
that a = 1. Suppose a + 1 ^ Z(p). If p = 2 use (2.2) for c = a, a + 2 < wq, and if 
use (2.2) for c = a + 2, a + 3 < w to prove again that a = 1. 
Assume now that p 7^ 2. 

Suppose r]~ l {t) = t+crf" -1 modt" with u ^ 3 and a G fc*. If a+f — 2 G Z(p) then 
by part 2) of proposition 2.1 a a;a+ „_ 2i o(??*) 7^ 0. This implies that a+v — 2 ^ tuo + l 5 
i.e. v ^ wo — a + 1, as required. If a + v — 2 = Omodp then by part 2) of 
proposition 2.1 Q! +i )a + t ,_i j o(7/*) 7^ O.This implies that a + v — 1 ^ two + 1 and 
u^tuo — a + 2 > wq — a + 1. The case p 7^ 2 is considered. 

Assume now that p = 2. 

Suppose that MeNis such that 

7]- 1 (t)=til+ J2 lrt r \ =tmodt 2M 
\ r>2M-l J 

with either 72M-1 7^ or 72M 7^ 0. 

Therefore, if r = 0mod2, r ^ 2M — 1 and a + r < ap^ then by part 2) of 
proposition 2.1 a a , a +r,o(v*) = lr- This implies that either 2M ^ wq (and the 
proposition is proved) or 2M ^ ty — 2, 72M = and 72M-1 7^ 0. 

Suppose a + 4M < w . Then with the notation from the second step in the proof 
of proposition 2.6, we have 
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a a +2,a+4M,o(«*) = 74M-2 + 72M-l<K a + 4M ) • 

The sum of the right hand sides of the above two equalities is 7|m-i 7^ 0' because 
<5(a + 4M- 2) + 8(a + AM) = 1. Therefore, at least one of their left hand sides is not 
zero. This means that the assumption about a + AM < wq was wrong. Therefore, 
AM > w - a and 2M > (w - a + 1) /2. 

The proposition is proved. 

3. Compatible systems of group morphisms. 

For any s G Z^o, let K s be the unramified extension of K in K(p) of degree 
p s . Then K s = k s ((t)), where t = is a fixed uniformiser, k C /c s , [k s : k] = p s , 
k s ~ F 0s , g s = p N * with iV s = N p s . 

Let if ur be the union of all K s , s ^ 0. This is the maximal unramified extension 
of K in K{p) and its residue field coincides with the residue field k(p) of K(p). 
Let ix ur (j>) ab , resp. /^ s (p) ab , for s G Z^ , be the images of the inertia subgroups 
of Gal(K(p)/K ur ), resp. Gal(K(p)/K s ), in the corresponding maximal abelian 
quotients. Then lK ur (p) ab = hm i"^ (p) ab . 

s 

3.1. For s ^ 0, introduce the F p -modules Mr s = lK s (pY h ® F p and M K ur = 
Ik uz (p) ® with the corresponding -modules .M^s = -M Ks®F p k(p) and 
-M/Cur = ■M-KuT®w v k{p)- Then for all s ^ 0, we have natural connecting mor- 
phisms j s : A4k,s+i — > M-Ks and J s : M.k,s+i — ► M-Ks (both are induced by 
the natural group embeddings T Ks+1 — > F Ks ). Therefore, we have projective sys- 
tems {Aixsjjs} and {M.Ks, Js} and natural identifications Aixur = finu M^? and 

s 

M Kur = ^mM Ks - 

s 

Let Mkoo be the k(p)-sub module in M.kmt which is topologically generated by 
all D^ n := Hm -D^ mod N , where a G Z(p) and n G Z. Here for a G Z(p) and 

s 

(s) ~ 

n G ZmodiV s , Dan are generators for M.k.s, which are analogues of the generators 

(s) 

D an introduced in section 2 for the k- module A4k- Notice that the generators D a n 
depend on the choice of the uniformising element t in K. 

Proposition 3.1. The k(p)-submodule Mkoo of Aixur does not depend on the 
choice of t. 

Proof. Let t\ be another uniformiser in K. Introduce r\ G Aut°(-ftT ur ) such that 
rj(t) = t\. The proposition will be proved if we show that r)*{M.Koo) = M-Koo- 
For s ^ 0, let n s = n\ Ks G Aut° K s . Then for a G Z(p) and n G ZmodiV s , 

be%(p),mE% mod N 3 

where the coefficients a a bm(vt) e satisfy the following compatibility conditions 
(using that j,(D&) = ^"^l = 
if a,b G Z(p) and m G ZmodiV s _i t/ien 



^ CtabniVs) = a abm(Vs-l)- 
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By proposition 2.4, if ^ m < N s and b/p m < a then a aj fe 5 _ mmo( i n s (vt) = 0- 
Therefore, if s is such that b/p Ns < a then a^ b _ m (ri*) := a a ,b,-mniodN s (vt) does 
not depend on s and for any a G Z(p) and n G Z^o, 

= E ^< b ,-m(V*)D^ m G AW 
6eZ(p),m>0 

The proposition is proved. 

3.2. Consider the identification of class field theory lK s {p) &h = Uk b , where Uk b 
is the group of principal units of K s . Define the continuous morphism of topological 
/c(p)-modules 

KKs ■ M K s = I Ks (PT h ® k (p) > ^0 Kur ' 

by tiks{u® a) = ad(u)/u for u G Uk b and a G k(p). Here &o K is the completion 
of the module of differentials of the valuation ring Ok ui with respect to the t-adic 
topology. Notice that for any a G Z(p) and ^ n < N s , 

D a,l mod N s = Yl m ° d P) ■ 

Here {ct!j | 1 ^ i ^ iV s } is a Z p -basis of W(k s ). If | 1 ^ % ^ N s } is its dual basis 
then for 1 < i «C JV S , = E((3 il t a ) 1 / a , cf. n.1.4. Therefore, 



i>0 



t 



It is easy to see that itkut '■= IllS ttrts is a continuous map from A4kut to Ok 
Notice that if n = |im(n s mod A^ s ) G hjn Z/AT s Z, where all n s G [0, iV s ) and if 

s 

= )m D aL modA^ for a G Z{p), then = if n { Z >0 C hmZ/iV s Z, 

s 

and ttkufC^) = t^' 1 d(t) if n = n G Z >0 - 

Let 71x00 := 7r^ ur |_M Xoo • Then one can easily prove the following proposition. 

Proposition 3.2. 1) iiKoo '■ M.K00 — ► Ok is a continuous epimorphism of 

K ur 

k{p) -modules; 

2) ker7rxoo is the k(p)-submodule in M.K00 topologically generated by all D 



00 

an 



with n < 0. 



3.3. Admissible systems of group morphisms. 

Suppose K' = k((t')) C K(j>) has the same residue field as K. Using K' instead 
of K we can introduce analogues Mr's, Mk's, Mr '00, etc. of Mk s , Mrs, Mr 00, 
etc. 

Definition, fxx' = {fKK's}s^o is a family of continuous morphisms of F p -modules 
fxK's '■ M-Ks — ► -M-K's which are always assumed to be compatible, i.e. for all 
s ^ 0, fKK',s+ij' s = jsfxK's- Here j s : M K , s +i — > M Ks and j' s : M K ',s+i — > 
M.k's are connecting morphisms. 

We shall denote the fc(p)-linear extension of /kk's by the same symbol fxK's- 
Set 

f K K' ur := ]^mfKK's ' M-Kur ► M-K'ur- 
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Definition. With the above notation Jkk 1 is called admissible if: 

Al. There is a continuous /c(p)-linear isomorphism Jkk'oo '■ Oq — > 

ur ^ur 

SUch that fKK' ur^K'ur = ^KurfKK'oo] 

A2. fxK'oo commutes with the Cartier operators C and C on Ok and, resp., 



A3. For all m G N, f KK 'oo (Vo^J 



Remark. Recall that the Cartier operator C : Ok — > Ok is uniquely deter- 
mined by the following properties: 

a) C(d(6 K J) = 0; 

b) if / G tO Kui then C(fPd(t)/t) = fd(t)/t. 

It can be shown that the definition of C does not depend on the choice of the 
uniformiser t, C is (j _1 -linear and KerC = d(0^ ur ). 

The following properties of admissible systems fxK' = {Ikk' s}s^o follow di- 
rectly from the above definition: 

(1) the 

ma P Ikk'oo is uniquely determined by /kk'ut'i 

(2) if K" = k((t")) C K{p) and gx'K" = {gK'K"s}s^o is admissible then so is 
the composition (fg)KK" '■= {Ikk 1 s9K' K" s } s5 >o and it holds (fg)KK"oc = 

fKK'co9K'K"oo', 

(3) fKK>oo(dd K Jcdd KL ; 

(4) for all a, b G Z(p) and m G Z^o, there are unique _ m (fKK') G 
such that if n > then 

(3.i) /MJr"f)= £ ^<6,- m (/^)* ,ipn " m ^; 

(5) the above coefficients a^ b _ m (fKK') satisfy the following property: if 
b/p™ < a then a^_ m (f KK ) = 0. 

Definition. With the above notation an admissible compatible system will 
be called special admissible if f kk 1 mA-M-Koo) C -Mifoo- 

Notice that the composition of special admissible systems is again special admis- 
sible. 

3.4. Characterisation of special admissible systems. 

Let Jkk' = {fKK's}s^o be a compatible system. Then for any s ^ 0, the k(p)- 
linear morphism Jkk's '■ M-Ks — > -M-K's is defined over F p , i.e. it comes from a 
F p -linear morphism Jkk's '■ M-Ks — > -M-K's- Therefore, in terms of the standard 
generators Dan and Dan (which correspond to the uniformisers t = tx and, resp., 
t' = tx'), we have for any s ^ and a G Z(p) that 

fKK's(D a o) = Yl 0> abm (f KK , s )D' b { ^, 

6eZ(p),meZmodJV s 

where all a a bm(fKK' s ) G k s C k(p). Notice that for all n G ZmodiV s , it holds 

fKK>s(D$) = ° n <*al,m{fKK>s)D' h ^ +n . 
6eZ(p),m£Zmod N s 
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Proposition 3.3. Suppose fxK' = {/m' s }s)o is a compatible system. Then it is 
special admissible if and only if for any s ^ 0, there are d s 6N such that v s — > oo 
if s -> oo, and if a,b < v s , m ^ and b/p m < a then a a ,b-mmodN s (fKK' s ) = 0. 

Proof. Suppose /xk' is special admissible. Then fxK' ut{M-Koo) C Mr'oo and for 
all a G Z(p) and n G Z, 

fKK>VLr{D™ n ) = ^ flanbmD' b ™ +rn . 

bei,(p),mei> 

Here all coefficients [3 a nbm G and because fKK'ur commutes with a, there are 
lab m G fc(p) such that Panbm = cf n (^ abm ). Therefore, if a, b G Z(p), to G Z and 
7abm 7^ then to ^ and a^ bm (f K K') = labm- 
If s > 0, a G Z(p), 

fKK>s{D { ao) = Yl «a,i,-m(/KK' S ) B !- m 

beZ(p) ,m€Z mod JV S 

and fc/p^ 3 < a then for any m ^ 0, « a) (,,- mmo dw a (/M' s ) = a^ b _ m (f K K')- This 
implies that ct a ,6,-m mod jv s (fKK's) = if a, 6 < p^ 8 and 6/p m < a. Therefore, we 
can take v s = p Ns . This proves the "only if " part of the proposition. 
Suppose now that v s — > oo if s — > oo and for a, 6 G Z(p), to ^ 0, 

«o,6,-m mod 7V S (fKK's) = 

if a, 6 < u s and 6/p m < a. If in addition p Ns > b then a a ,6,-mmod n 3 (fKK's) does 
not depend on s and can be denoted by a ( ^ b _ rn . Clearly, a^ b _ m = if 6/p m < a. 
Let a G Z(p) and 

d = fKK'nv(D^,) ~ 

6eZ(p),m>0 

Let s ^ and let d s G -Mk s be the image of d under the natural projection 
■M-Kur — ► -M-Ks- If Si ^ s then the corresponding projection d Sl G M.k sx is a 
linear combination of with 6 > p N <>i . Therefore, d s also does not contain the 

terms for which b > p N ^ . Because limg^oo N Sl = oo, this implies that d s = 
for all s > and, therefore, d = 0. So, /kk' U r(-M-Koo) C -M^/co. 

Set ct™ b _ m {f K K') ■= affi-m and define fe'oo : fio Kur — " ^o K , r b y formula 
(3.1). It is easy to see that fKK'oo satisfies the requirements A1-A3 from the 
definition of admissible system in n.3.3. This proves the "if" part of our proposition. 

Remark. Any special admissible /kk' can be defined as a fc(p)-linear isomorphism 

fKK'ur ■ Mkoo > Mk'oo SUch that 

(1) fKK'ur commutes with a; 

(2) if a G Z(p) then 

fKK'uriD^f) = ^ a a,b,-mD'£t m 
bel>(p),m^0 



„.l „ 
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3.5. Analytic compatible systems. 

Suppose K,K' C K{p). Then the corresponding residue fields k and k' are 
subfields of the residue field k{p) C ¥ qo . Therefore, if K ~ K' then k = k' 
and we can introduce the set Iso°(K, K') of field isomorphisms r\ : K — > K' 
such that r]\k = id. Notice that any r\ G Iso°(K, K') induces a /c(p)-linear map 

For all s ^ 0, any ?y G Iso°(if, K') can be naturally extended to rj s G Iso°(K s: K' s ). 
Then rf KK , = {r]*} s ^o is a compatible system and r\KK'oo = ^(v)- Propositions 
2.4 and 3.3 imply that rf KK , is a special admissible system. 

Consider the opposite situation. Choose a uniformiser tx in if and introduce 
Fr(t^) G Aut(if ur ) such that Fr(t^) '-^K ^ and Fr(tx)| fc ( p ) = cr. Then for all 
s ^ 0, Fr(t^) induces an automorphism of if s which will be denoted by Fr(t^) s . 
Then Fr(t^)* = {Fr(tK) s }s^o is a compatible system, but this system is not ad- 
missible: the corresponding map Fr^^)^ coincides with the Cartier operator and, 
therefore, is not /c(p)-linear. 

More generally, consider a compatible system Qkk 1 = {9kk's}s^o where for all 
s ^ 0, Okk's = 0* and 9 S G Iso(if s , K' s ). Then after choosing a uniformising 
element tx> in K' we have 6> s = 1] S Fr(tK>) n % for all s ^ 0, where ?y s G Iso (iir s , i 5 ^) 
and n s+ i = n s mod N s . If n = |imn s G Um Z/iV s Z then is the composite of 

s s 

the special admissible system {r]*} s ^o and the system Fr(t^/) n * which is special 
admissible if and only if n = 0. Therefore, 6>kk' is special admissible if and only if 
it comes from a compatible system of field isomorphisms n s G Iso°(K s , K' s ). 

3.6. Locally analytic systems. 

Definition. If f KK > is an admissible system, then f KK > an := fKK>oo\ d (d Kui )- 

Remark. Notice the following similarity to the definition of / an for / G Aut M. from 
n.2.3. If f K K = {fKKs}s^o is any admissible system then g KK := {fx Ks an} s^o is 
also admissible and fxKan = 9k Kan- 
Definition. An admissible system fxx' = {/m's}s)o will be called locally ana- 
lytic if for any s ^ 0, there are D s 6ff and ?? s G Iso (if, X') such that v s — > +oo as 
s -> oo and f K K>&n = d(n s )(3 k k(p) modt' Vs . 

Proposition 3.4. Suppose that fxK' = {fKK's}s^o is special admissible and lo- 
cally analytic. Then there is an r\ G Iso (-fT, K') such that fxK'&n = d(7/)(g)fcfc(p). 

Proof. If s ^ and a, 6 G Z(p) are such that v s /p N ° < a,b < v s: then 

a Tbo(fKK>) = CtaboiVs) = OLaboifKK's) = Ci ab0 (f K K'o) £ 

Therefore, by Proposition 2.7, all conjugates of ?? s over if are congruent modulo 
t ,v s (i- p - N °)/5 Pj and ^ e k[[t / ]]modf v ^ 1 - p ~ N '^ 6 ", where 5 P is 1 if p ^ 2 and 
d p = 2 if p = 2. This implies that a a bo{fKK> s) G /c if a, 6 < f s (l — p~ Ns )/S p . 

If 6 < then a ab0 (f K K's) = a™ bQ {f K K>)- So, a^ m (f K K') e k if b < c s := 
mm {p Ns ,v s (l — p~ Ns )/5 p } . But c s — > oo if s — > oo and, therefore, a™ w (/M') £ k 
for all a, 6 G Z(p). 

As we have already noticed, if b < min{p N % v s } then 



ANALOGUE OF GROTHENDIECK CONJECTURE 



17 



Therefore, by Proposition 2.7 there exists \im r) Q := n e Iso (K, K') and fxK' &n = 

s 

The proposition is proved. 

3.7. Comparability of admissible systems. 

With the above notation suppose L, L' are finite field extensions of K, resp. 
K', in K(p). Let gxx/ = {(7lz/s}s^o be a compatible family of continuous field 
isomorphisms gLL's '■ L s — > L' s . Then the natural embeddings ^l(p) C Tk(p) and 
T L ,{p) C IV (p) induce embeddings T Ls (p) C r Ks (p) and r L /(p) C r^(p), for 
any s ^ 0. 

Definition. With the above assumptions the systems g^v and fxK' will be called 
comparable if, for all s ^ 0, there is the following commutative diagram 

M Ls M Us 

is j's 

« j fan's . A 

Mks ► Mk's 

where the vertical arrows j s and j' s are induced by the embeddings Fl s (p) C Yk s (p) 
and, resp., T L > s (p) C r K; (p). 

If ^ll' and /kk' are comparable then we have the following commutative dia- 
gram 



(3.2) 

Mkut > Mk'ut 

where j UT := ^mj s <S> k3 k(p) and j' UI := ^mj' s ^ ks k(p). Notice that j UT and ^ r are 

s s 

epimorphic. Indeed, let Ul 3 , Uk 3 be principal units in L s , resp. K s . Then M.Lur = 
^mUL s /U^ and Mrut = XvchUkJU^ contain as dense subsets the images of the 

s s 

groups of principal units Ul ui , resp. Uk ui , of the fields L ur , resp. K UT . By class field 
theory, j UI is induced by the norm map iV = Nl ut /k ui from L* r to K* r . By [Iw, 
Ch.2], N(Ul ui ) is dense in Uk ui and, therefore, j UT (together with j^ T ) is surjective. 

Suppose L/K and L'/K' are Galois extensions. Denote their inertia subgroups 
by Il/k and Il'/k'- Then we have identifications Il/k = Gal(L ur /K ur ) and 
J L7 ^ = Gal(L; r /^ r ). 

Consider the following condition: 

C. There is a group isomorphism k : Il/k — ► Il'/k 1 such that for any r G Il/k, 

r LLur9LL'ur = 9hL> utK>(t) L 'L'ur ■ 




Proposition 3.5. Suppose gLL 1 and f kk 1 are comparable and gLL 1 satisfies the 
above condition C. If gLU is admissible then f kk' is also admissible. 
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M L ur M L >ur 



(3.3) 



Tit 



9ll'c 



o, 



If t E Il/k C. Aut°(L ur ) then it follows from the definition of ttl ui that 
(3.4) T*TV Lur = tt Lui .Q(t). 

This means that 7r^ ur transforms the natural action of Il/k on -^Lur into the 
natural action of Il/k on &o L • Because j UT is induced by the norm map of the 
field extension L ur /K ur , this gives us the following commutative diagram 



M 



Lur 



Or 



(3.5) 



Tr 



M 



Kur 



where Tr is induced by the trace of the extension L ur /K ur . Similarly, we have the 
commutative diagram 



(3.6) 



Tr' 



K' 



We have already seen that 7TL ur , ttl'ut, jur and j' UT are surjective. The traces Tr 
and Tr' are also surjective. Indeed, suppose £l, resp. tK, are uniformising elements 
for L, resp. K. Then 

0^ ur = {fd(t L ) | / G Lur } = {gd(t K ) | # G V(L/K)~ 1 OL ur }i 

where V(L/K) is the different of the extension L/K. It remains to notice that 
Tr(V(L/K)- 1 d Lur )=6 Kui . 

Because qll 1 and fxK' are comparable, we have the following commutative 
diagram 



M Lur 

Ml 'ur 



(3.7) 



Jur 
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Suppose ujk £ Ok • As it has been proved there is an € Ok such that 

Tr(w L )= to{T)(u) L )=u) K - 

tEIl/k 



Then 

(3.8) 9LL'oo{^k) = ^'°o(^(t)(^l)) 

t€Il/k 

ur 

t '^ i l , /k' 

because 0(t)<7z,z/oo = 9ll'oo^(k(t)), for any r G Il/k- This equality is implied 
by the following computations (we use the commutative diagrams (3.3), (3.4) and 
condition C) 

^Lur^(r)gLL'oo = T*TTLut9LL'oo = T* 9LL' ur^L'ur 

= 9LL' uyk(t )*n L ' ur = g LL i ur 7r L > • ur O(«(r )) = 7TL ur ^LL'ooO(K(r)), 

because 7Ti ur is surjective. 

Let fKK'oo be the restriction of qll'oo on O 1 ,^ • Then formula (3.8) implies 
that fKK'oo(&o K ) c o / an< ^ we have the following commutative diagram 



O 1 , 



+ o 1 



Or/ 



(3.9) 



Tr 





Tr' 



1 fKK>oo > fa 



o 



o, 



We now verify that fxK'oo satisfies the requirements A1-A3 from n.3.3. 
Property Al means that we have the following commutative diagram 



M 



M 



K' 







1 /kTX'oo, q\ 



o. 



Its commutativity is implied by the following computations (we use commutative 
diagrams (3.2), (3.5), (3.3) and (3.9)) 

jurfKK' ur^K'ui = 9LL' ur j' UT ^K'ur = 9LL' ur^L'ur Tr' 
= ^Lut9LL'oo Tr' = TTLur fKK'oo = J ur^ Kur j KK> oo 
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Let Ck-, Ck'i Cl and Cl> be the Cartier operators on, resp., Ok , Ok , 
fik and Ok . Clearly, C L Tr = Tr C K and C L , Tr' = Tr' C K >. Then it follows 
from the commutative diagram (3.9) and property A2 for ghh'oo that 

Tr Ck/kk'oo = Cl Tr fxK'oc = Cl<7lz/oo Tr 
= 9ll'ooCl' Tr = gLL'ao Tr C^' = Tr fKK'ooCx' ■ 

Property A2 for /kk'oo follows because Tr is surjective. 

By condition C, the ramification indices e and e' of the extensions L UT /K UT and 
L' uv /K' m are equal. Then we use the condition A3 for qll'oo 

to deduce that for 

any n ^ 0, 

9LL'oo(tK&o L „ T ) = 9LL'cK}(t e L n &0 L ) = t'£ ^Or, = ^K'^Or, • 

ur ur 

Therefore, it follows from the commutativity of diagram (3.9) that 
t n K>too K . =t n K ,Tr / (n 1 OLi )=Tr'(g LL , 00 (t n K n 1 0L J) 

ur ur 

The proposition is proved. 

Remark. Using the embeddings of the Galois groups Tl s (p) and Tk s (p) into their 
Magnus's algebras from n.1.3, one can prove in addition that if g^v is special then 
fxK' is also special. In other words, under condition C, j U r{M-Loo) C Mkoo- 

Suppose g 1,1,1 and fxK' are comparable systems. Suppose also that gLL' and 
fxK' are special admissible, locally analytic and satisfy condition C. Then there are 
n LL > e Iso°(L, V) andrjKK' G Iso°(K, K') such that Skk'ooL^ = d{r] K K')®kk{p) 

" ur 

and g L L'oo\ d o T = d{q LL >)® kL k L {p). 

Proposition 3.6. With the above notation and assumptions, t]ll'\k = Vkk'- 

Proof. Clearly, for any r G I l /k, condition C implies that rl Ltyo g LLIoo = gLL>ooK>(T)* L , L , 
Restricting this equality to dOi ur , we obtain 

d(r) d(rjLL>) = d(rj LL >) d(/c(r)). 

Then it follows from proposition 2.7 that ttjll' = Vll'k(t). Therefore, t]ll'\k 
induces a ring isomorphism from Ok ui onto Ok' t - 

Suppose a G Tr(OL ur ) C Ok ut - If a = Tr(6) with b G Ol ui then it follows from 
diagram (3.9) and condition C that 

d( VK K>(a)) = Tr'(d( VLL/ (b))) = d ( r ') ( d fa"'(&))) 

T '^ I L'/K' 

= J2 d(r 1 LL>)(d(T(b))) = dr ]LL ,(da) = d(r ]LL ,(a)). 

Therefore, for a sufficiently large M G N, d(r}LL'\K) and drjKK' coincide on 
t^Ox^- Then proposition 2.7 implies that t]ll'\k = Vkk'- 
The proposition is proved. 
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4. Explicit description of the ramification ideals A^ modJ 3 . 

We return to the notation from n.l. In particular, A is the Z p -algebra from n.1.2, 
J is its augmentation ideal, Ak = A <S> W(k), Jk = J ® W(k), Ak = A (g) O(K), 
etc. are the corresponding extensions of scalars, e G Ak is the element introduced 
in n.l. 3. We fix an / G Ak( p ) such that of = fe and denote the embedding 
iP f :T(p)^(l + J)x by V- 

4.1. Ramification filtration on A. For any v ^ 0, consider the ramification 
subgroup r(p)(") of r(p) in the upper numbering. Denote by A^ the minimal 
2-sided closed ideal in A containing the elements i/j(t) — 1, for all r G T(p)( v K 
Then {A (v) \v^0} is a decreasing filtration by closed ideals of A. In particular, 
if A^M mod Jp M are the projections of .4^ to -4cm mod i7(7 M , for C,M,n G 
N, then .4^) = hjii ^.^^ mod J7^ M . Notice also that the ramification filtration 

C,M,n 

{T(p)^} v>0 is left-continuous, i.e. T(p)^ = f| r(p)( w ), for any w > 0. This 

V<Vo 

implies a corresponding analogous property for the filtration {A> v ' \ v ^ 0} on each 
finite level, i.e. for any C, M, n G N, we have the following property. 

Proposition 4.1. For any C,M,n G N and w > 0, there is a < 5 < vq such 
that A^ M mod Jg M = A^m mod Jcm> f or an V v e ( v o ~ 5 > u o) • 
Proof. This follows directly from the definition of the ramification filtration and the 
fact that the field of definition of each projection fcM™Q&JcM °f / to 
Acmk{p) mod Jqmk(p) * s a finite extension of K, cf. n.l. 3. 

Notice also that the class field theory implies the following property. 

Proposition 4.2. If v ^ and A^ ] := A^ v) <g> W(k) then A^ mod is topo- 
logical^ generated by all elements p s D an , for n G ZmodA^o, a G Z(p), s ^ and 
p s a ^ v. 

4.2. T/ie filtration A(v), v^O. 

For any 7^0, introduce JF 7 G »4fc as follows. 
If 7 = let T-t = D . 
If 7 > let 



J= 1 =p v ^a 1 D a ^- p n a 1 D ain D a2n - ^ P ni ai[D aini , D 



ai,a 2 eZ(p) ai,a 2 €Z 

n^0 "i^0,n2<ni 
p"(ai+a 2 )=7 p™ 1 ai+p™ 2 a 2 =7 

Here the first two terms appear only if 7 G N, and the corresponding v 1 G Z^o and 
a 7 G Z(p) are uniquely determined from the equality 7 = p v ~ 1 a 1 . If 7 ^ Z then the 
above formula for JF 7 contains only the last sum. 

For any v ^ 0, let ^4(i>) be the minimal closed ideal in A such that T 1 G ^4fc(i>) := 
-A(i>) <8> W(k), for all 7 ^ v. Equivalently, »4fc(/i;) is the minimal cr-invariant closed 
ideal of Ak, which contains all JF 7 with 7 ^ v. 

Remark, a) For any i> ^ 0, ^ modj7" 2 = A(v ) mod J" 2 . 

b) The filtration {A(v) \ v ^ 0} is left-continuous. 

c) If C,M G N and ^cm(^) mod Jq M is the image of A(v) in Acm™o&Jcmi 
then .4(d) mod ,7 n = hm ^4 CM (t;) mod Jq M . 
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If 7 ^ vo ^ 0, denote by ,^ 7 (i>o) the elements in Ak given by the same expressions 
as T 1 but with the additional restriction p ni ai 7 p ni a2 < i>o for all degree 2 terms 

omn ^a 2 ,n 2 ]- Clearly, we have the following property. 

Proposition 4.3. a ) A{vq) mod J7" 3 is the minimal ideal of A such that Ak(vo) is 
generated by all elements T 1 {vq) with 7 ^ vq. 
b) If 7 ^ 2v , ^en J^ 7 (f ) = lD a ^ Vj . 

The following theorem is the main technical result about the structure of the 
ramification filtration that we need in this paper. 

Theorem B. For any v ^ 0, A {v) mod J 3 = A(v) mod J 3 . 

This theorem gives an explicit description of the ramification filtration {A^} v ^>o 
on the level of p-extensions of nilpotent class 2. (On the level of abelian p-extensions 
such a description is given by the above Remark a).) Theorem B can also be stated 
in the following equivalent form, where we use the index M + 1 instead of M to 
simplify the notation in its proof below. 

Theorem B'. Suppose C G N, M G Z^ and v > 0. If for all v > v , 
A cm+i mod Jc,m+i = A c,m+i{v) mod J$ tM+1 , 

then 

A c°M+i mod J'c,M+i = <Ac,M+i(v )modJ% tM+1 . 
Clearly, Theorem B' follows from theorem B. 

Conversely, notice first that, for a given C G N, M ^ and v ^> 0, 

^C,M+l m ° d ^C,M+l = A C ,M+l( v ) mod Jc,M+l = 0. 

Indeed, this is obvious for the ideals Ac,m(v), because they are generated by 
the elements obtained from the above elements F^iy) by adding the restrictions 
ai,a2,a 7 < C and ni,n2,t> 7 ^ M. But then, for 7 ^ 2p M C, the conditions 
p ni ai +p n2 a2 = 7 (where 77-2 ^ n\) and p v ' y a~ i = 7 are never satisfied. For the 
filtration {A^} v ^o, we notice, as earlier, that the field of definition Kc,M+i,s(f) 
of the image of / in Ac,m+i,k( p ) m od J@ M+1 K ^ is of finite degree over the basic 
field K. Therefore, for v ^> 0, the ramification subgroup T(pp v ^ acts trivially on 

K C ,M+l,3(f) and A CM+1 mod Jc,M+l = °- 

Now we can apply descending transfinite induction on v ^ 0. Let 

Sc\m+i = {v^0\ A { c] M+1 mod Jc, M +i = A c ,M+i(v)modJ^ M+1 }. 

Then Sc,m+i ^ Let v = inf Sc,m+i- 

If v > then mod J^m+i = Acm {vq) mod J^.m+i b ^ Theorem B'. 

By the left-continuity property of both nitrations, there is a 5 G (0, uo) such that 

-4c,m+i mod <?c,m+i = A c ,M+i(v)mod Jc, M +i whenever v G (v - 6,v ). So, 
v$ = inf Sc,m+i ^ vo — 5. This is a contradiction, hence vq = 0. In this case 

we have A^ M +i mod ^c,M+i = A?,m+i mod Jc,m+i = ^c,m+i(0) mod jg M+1 . 
This implies that Sc,m+i = K^O; and Theorem B is deduced from Theorem B'. 
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4.3. Auxiliary results. 

4.3.1. The field K(N*,r*). 

Suppose N* G N, q = p N * and r* = m*/(q - 1), where m* G Z(p). Then there 
is a field ^ := K(N*,r*) C K sep such that 

a) [K x :K]=q; 

b) the Herbrand function (Pk 1 /k( x ) nas only one corner point (r*,r*); 

c) = where t q Ki E(— 1, ) = i# and i? is the generalised Artin- 
Hasse exponential introduced in n.1.4. 

The field K(N*, r*) appears as a subfield of K(U), where U q — U = u~ m and 
u q ~ x = tx- It is of degree q over K. Its construction is explained in all detail in 
[Ab2]. 

4.3.2. Relation between liftings of K and K\ modulo p M+1 , M ^ 0. 

Recall that we use the uniformiser tx in K to construct the liftings modulo p M+1 
of K, M +i(K) = W M +i(k)((t)) and of K(p), M+1 (K(p)), where t = t K ,M+i- 
We use the uniformiser tx 1 from above n.4.3.1 c) to construct analogous liftings 
for K u O'm+^K!) = W M +i(k)((ti)) and for K x (p) D K(p), O'^K^p)). (Here 
ti = tK lt M+i is the Teichmiiller representative of tx x in Wm+i(Ki(p))-) 

Note that, with the above notation the field embedding K C K\ does not induce 
an embedding Om+i(K) C 0' M+l {K\) for M ^ 1, because the Teichmiiller rep- 
resentative t\ = tx 1 ,M+i = \Pk-l] cannot be expressed in terms of the Teichmiiller 
representative t = tx,M+i = \Pk\- This difficulty can be overcome as follows. Take 

t v K as a uniformising element for a M K and consider the corresponding liftings mod- 

ulo p M +\ O m +i(ct m K) = W M+ i(k)((tP M )) and M +i(cr M K{p)) C M+1 (K(p)). 
From the definition of liftings it follows that 

O m+ i(ct m K) C W M +i(cr M K) C W M +i(a M Ki) C OW+i(^i) C Wm+i^i), 

M +i(a M K(p)) C W m +i(ct M K(p)) C W M +i(a M Ki(p)) 

cO; +1 (ifi(p))cf M+ i(ifi(p)). 

Lemma 4.4. With respect to the above embedding Om+i(o~ m K) C 0' M+1 (Ki) we 
have 

t? M =tr M E(-i,tfr M . 

Proof. If V is the Verschiebung morphism on Wm+i{K±) then property c) from 

n.4.3.1 is equivalent to the relation t = tf E(-l,tf ) mod VWm+i(K\). Then, 
for any s ^ 0, we have 

t pS = tfE{-i,tfy s mody s+1 if M +i(^i). 

(Using that for any wi , w 2 G Wm(-Ki), (Vwi)(Vif2) = U 2 (F(wiw 2 )) djaApV(w\) = 
V 2 (Fwi).) For s = M we obtain the statement of the lemma. 

4.3.3. A criterion. 

Consider a M e = 1 + E ae z°(p) t~ apM D aM G «4 ® 0(o~ M K), where 0(a M K) = 
UmOJa M K). Then a M / G .A <g> 0(a M K(p)) satisfies the relation a(a M /) = 
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(a M f)(a M e) and induces the same morphism ip : T(p) — > A as /. Indeed, for any 

rer(p), 

r(* M f)(* M f)- 1 = a M (r(f)f- 1 ) = a M mr)) = ^r) 

because a acts trivially on A. 

This means that we can still study the ramification filtration {^,^- ) modp M+1 }„^o 
by working inside the lifting 0' M+1 (Ki(p)) D Om+i(o~ m K(p)) associated with our 
auxiliary field K\ and its uniformiser . 

Set B = Ac,m+i mod J%,m+i and for am/ v ^ 0, B {v) = A^ M +i mod Jc,m+i- 
We shall also use the notation Bk = B <g> WM+i(k), Bk x = B ® 0' M+1 (Ki), and 
^k 1 ( p ) = B ® 0' M+1 (Ki(p)). Denote again by J the augmentation ideal in B. Its 
extensions of scalars will be denoted similarly by Jk, Jk x and Jx 1 {p)- 

Consider an abstract continuous field isomorphism a : K — > Ki, which is the 
identity on the residue fields and sends tx to t^. Consider its extension to the 
field isomorphism a : K(p) — > Ki(p). Then we have an induced isomorphism of 
liftings a : Om+i{K{p)) — > 0' M+1 {K\{p)). Use it to define the morphism 

id®a : Ac,m+i,k( p ) — > ^k 1 { p ) 
and set fi := (id®ct)(/) G B Kl ^ p y Then cr(fi) = /iei, where e\ = (id<g>ct)(e) = 

If N* = OmodiVo, then a M+N * (D a0 ) = a M (D a0 ) = D aM and we can relate the 

elements a M e = l+£ aeZ o (p) t~ apM D aM and a M+N \ x = l+£ a6Z o (p) t~ apMq D aM 
by the use of the relation between t and t\ from lemma 4.4. So, it will be natural to 
compare the elements a M f and a M+N fi in B^^p) by introducing X e Bx x {p) such 
that (o~ M f)(l + X) = a M+N f\. This element will be used for the characterisation 
of the ideal B^ v °> in proposition 4.5 below. 

Notice first, that £>("°) is the minimal 2-sided ideal in B such that the field of 
definition of / mod B£° ^ is invariant under the action of the group T(p)( v °\ In 
other words, if J is a 2-sided ideal in B and K(f,I) is the field of definition of 
f mod Ix 1 ( P ), then / contains B^ v °^ if and only if the largest upper ramification 
number v(K(f, I)/K) (= the 2nd coordinate of the last vertex of the graph of the 
Herbrand function l fiK(f,i)/K) is less than vq. 

With the above notation we have the following criterion. 

Proposition 4.5. Suppose r* = v(Ki/K) < v . Then B^ is the minimal ele- 
ment in the set of all 2-sided ideals I such that if Ki(X,I) is the field of defini- 
tion of X mod Iki(j>) over Ki then its largest upper ramification number satisfies 
v(K 1 {X,I)/K 1 )<qv -r*{q-l). 

Proof. We must prove that for any 2-sided ideal I in £>, 

v:=v(K(f,I)/K)<v & v 1 (X):=v(K 1 (X,I)/K 1 ) <qv -r*(q-l). 

The following proof is similar to the proof of the corresponding statement from 
[Abl,2]. 

Suppose v < vq. The existence of the field isomorphism a implies that 
v(K 1 (f 1 ,I)/K 1 ) = v. Then 



(A 1 \ 



_ „.t TS ( t T\ I TS\ _ 
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Indeed, it is sufficient to look at the maximal vertex of the Herbrand function for the 
extension Ki(fi,I) / K and to use the composition property for the corresponding 
Herbrand functions (pK 1 (f 1 ,i)/K(x) = <fK 1 /K('fiK 1 (f 1 ,i)/K 1 ( x ))- This implies that 
vi = r* if r* ^ v and v\ < v if v > r*, where we have used that (Pk 1 /k(v) = 
r* + (v — r*)/q < v if v > r*. Therefore, the largest upper ramification number of 
the composite K(f,I) and K\{f\,I) over K is max{r*,f} < vq. Clearly, Ki(X, I) 
is contained in this composite and, therefore, v(X) := v(K\(X,I)/K) < vq. Simi- 
larly to formula (4.1) we obtain that v(X) = max{r*, (Pk 1 /k(vi(X))}. Therefore, 
<PKi/k{v\{X)) < v and vi(X) < qv - r*(q - 1). 

Conversely, assume that v\{X) < qv — r*(q — 1). Then 

v(X) = max{r*,^ l/ft: (Di(l))} < v Q . 

Suppose v = v(K(f,I)/K) ^ v$. As earlier, the existence of a implies that 
v (K 1 (f 1 , 1)/Ki) = v and similarly to (4.1) we have 

v{K\{f\, I)/K) = max{r*, ip Kl/K (v)} = ip Kl/K (v) < v. 

Therefore, the largest upper ramification number of the composite of K\ (X, I) and 
Ki(fi,I) over K equals 

max{v(K 1 (X,I)/K),v(K 1 (f 1 ,I)/K)} = max{v(X), < p Kl/K (v)}. 

Because K(f,I) is contained in this composite, we have 

v ^ max{v(X),<p Kl / K (y)}. 

But v ^ vq > v(X) and v > <Pk-i/k( v )- This contradiction proves the proposition. 

4.3.4 Choosing N* and r* . 

In order to apply the criterion from Proposition 4.5 we shall use the special 
choice of Ki = K(N*, r*), where N* G N and r* < v are specified as follows. 
Introduce S\ := mm{vo — P s cl \ p s a < Vq, a ^ C, a G Z°(p)}, and 

S 2 := mm{v -(p Sl ai+p S2 a 2 ) | p Sl ai+p S2 a 2 < vq, ai, a 2 ^ C, ai, a 2 G Z (p), si, s 2 G Z}. 

One can see that for sufficiently large iV* = OmodiVo, there exists 
r* = m*/(q - 1) < v with g = p N * and m* G Z(p) such that 

a) -(v - S^q + r*(q - 1) > Cp M ; 

b) -(u -*2)g + r*(g-l) > 0; 

c) < 2r*(g-l). 

So, we may assume that i^i = K(N*,r*) where N* = OmodiVo and the above 
inequalities a)-c) hold. 
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4.4 A recurrence formula for X . 
Set 0* =t\ {q ~ 1) . Then ' 

u J = a M e-a M+N *e 1 = £ t^^-lj^e Jx r 

a£Z°(p) 

The relation 1 + X= (a M f)- 1 (a M+N * fr) implies that 

l + aX = (<j M e)-\l + X)(a M+N * ei ) 

and 

(4.2) X-aX = u+ (a M e - l)aX - X(a M+N * ei - 1). 

If X := X mod Jx x { p y then the above relation (4.2) gives X—aX = u mod J^^y 
We shall use this relation in n.4.5 below to study X. Now (4.2) can be rewritten as 

(4.3) X-aX = u- u(a M+N * ei - 1) - [aX, a M+N * e x - 1] + ua(X), 

using that X = uj + a X mod J'^ i ^ p y We shall use this relation in nn.4.6-4.7 below 
to study the field of definition of X. 

4.5 The study of X. 

For ^ r ^ M and b G Z p , introduce £ r (b, T) G Z p [[T}} as follows: 

£o(b,T) = E(b,T) — 1, where E(b,T) is the generalisation of the Artin-Hasse 
exponential from n.1.4; 

T) = T)p - E(b, TP) = (exp(p6T) - l)E(b, T p ), 

5 M (6, T) = £?(6, T)p M - £?(6, T^" 1 = (exp(p M 6T) - l)E(b, Tp)p M ~' . 
Notice the following simple properties: 

(1) E(b, T)p m - 1 = £ (b, T pM ) + T pM_1 ) + • • • + 5^(6, T); 

(2) £ r (&,T) = p r T + p r T 2 g r (T), where ^ r ^ M and g r G Z P [[T]]. 

Consider the decomposition u> = J2 r+S=M o r uj s (cf. n.4.4 for the definition of 
a;), where 

for ^ s ^ M. Note that p s D as G mod J7^, whenever p s a ^ i>0) cf- proposi- 
tion 4.2. Also, if p s a < v then —ap s q + r*(q — 1) > Cp M , cf. n.4.3.4, and we have 

t^ apSq S s (a,e*) G tf pM m l5 where mi := h W M {k) [[h]}. 
So, for < s ^ M, 

(4.4) ^GB^ ) +tf"V mi +^ l) 
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For ^ s ^ M, consider X s e B Kl ^ such that X s — crX s = uo s . Because of 

) , 7 2 



(4.4), we may assume that X s = J2 u>0 o u u s mod^K + J Kl(p) ). Notice that 



X= ^(^ s )modJl i(p) , 

r+s=M 

and after replacing the infinite sum by its first (AT* — s) terms in the above 

congruence for X s , we obtain 

(4-5) X= v u Us™d(B^l p) + Jl {p) +tC pM «J^ 

u+s^sM 
u<N* 



4.6. The study of X . 

From the above formulas (4.4) it follows that X and cr(X) belong to B^ ^ 

r< M o 

*i Jmr + ^ Kl ( P )- This impiies that 



uo-(X)eB { ^ {p) j KAp)+Juii . 

Therefore, when solving equation (4.3) for X, this term will not have any influence 
on the field of definition of JmodB^^Jx^p). 

For a similar reason, we may replace X in (4.3) by the right hand side from (4.5) 
without affecting the field of definition of X mod B^°'^J Kl ^ p y The new right hand 
side will be then equal to 



J2 tr pMq £s{a^ M - a )- J2 t-^ + ^ M «SMu®* pM ~ a )D aiM D a2M 

a£Z°(p) oi,o 2 eZ°(p) 
0<s<M 0<s<M 



£ tr ipS1+Uq - a2pMg £ Sl (ai,e* pU )[D ai , Sl+ ^D a2 , Ml 



0^si<M,oi,a 2 eZ°(p) 
7V*>it>M-si 



Finally we can apply the Witt-Artin-Schreier equivalence to the last formula to 
deduce that modulo any ideal containing the ideal B^^Jk^p)-, the elements X 
and X', where 

X'-aX'= £ ^^(^,9*)^- £ tr (ai+a2)pS %(«i,©*)^a lS ^a 2S 



(4-6) - £ tr^^^-iCa.e*)^.,,^.,] 

M-JV*<s 2 <si 

have the same field of definition. 

We can use this relation to find the minimal ideal I in B such that X mod Ir^p) 
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r*(q — 1). Indeed, we know that / mod J 2 = B^ mod J 2 and therefore, we may 
always assume that I D J. As before, we are also allowed to change the right 
hand side of (4.6) by any element of B®J mi - We may always assume that / D B(v) 
for any v > vq, because I must contain all B^ with v > v q and, by the inductive 
assumption, B^ coincides with B(v). So, we can assume that I contains the ideal 
B (vo+) generated by B^ Vo) J and all B^ v) with v > v . 

4.7. Final simplification of (4.6). 

For < s < M, consider the identity £ 8 (a, 6*) = p B at[* {q ~ 1) + p s tl r * {q ~ 1] g r (h) 
from n.4.5. 

Lemma 4.6. pH^^^^ D aiS D a2S e J Kl + J mi • 

Proof. Indeed, ifp s ai ^ vq (resp. \ip s a 2 ^ vq) ih.enp s D aiS (resp. p s D a2S ) belongs 

to B^ o) mod J 2 . 

If both p s ai,p s a 2 are less than v then we use the fact that 

-(ai + a 2 )p s ? + 2r*(g - 1) > Cp M + Cp M > 0, 

cf. n 4.3.4, to conclude that the corresponding term belongs to J mi . 
The lemma is proved 

The following lemma deals with the terms coming from the third sum and can 
be proved similarly. 

Lemma 4.7. ^^^^^^[Da^D^] G B<g>J Kl +J mi . 

The next lemma deals with the terms coming from the first sum. 
Lemma 4.8. p% apSq+2r * (q - 1} D as e B^ +) + J mi . 

Proof. There is nothing to prove if —ap s q + 2r*(q — 1) > 0. 

Assume now that ap s q ^ 2r*(q — 1). Consider the expression for JF apS , cf. n.4.2. 
Notice that ap s > vq (use estimate c) from n.4.3.4) and, therefore, jF apS e Bk(ap s ) = 

It will be sufficient to show that any term of degree 2 in the expression of T av » 
belongs to B^ J^. Indeed, it then follows that the linear term p s aD as of T av s 

belongs to B ( k apS) + B^ o) J k C B^ 0+) and the statement of our lemma is proved. 

In order to prove this property of degree 2 terms notice that all of them contain as 
a factor either a product p Sl D aiSl D a2S2 or a product p Sl D a2S2 D aiSl , where si ^ s 2 
and p Sl ai + p S2 a 2 = p s a. Then we have the following two cases: 

(1) if either p Sl ai ^ v or p Sl a 2 ^ v then this product belongs to B^° Ju\ 

(2) if both p Sl ai and p Sl a 2 are less than t> , then p Sl ai < vq — 5\ and 
p S2 a 2 ^ p Sl a2 < fo — o~i- Therefore, 

2r*(g-l) ^p s aq= (p Sl a 1 + p S2 a 2 )q < 2q(v -5 1 ). 

This contradicts the assumption a) from n.4.3.4. 

The lemma is completely proved. 

By the above three lemmas, we can everywhere replace the factors £ s (a, ©*) 
by p s at\ ^ q and, therefore, the right hand side of (4.6) is congruent modulo 
B^ +S> + J mx to the sum Xl 7 >o ^i~ 97+r where JF^, is given by the same 

formula as JF 7 , cf. n.4.2, but with the additional restriction n 2 > M — N* in the 
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Lemma 4.9. // 7 ^ v then T'^ = T 1 modB^Jk- 

Proof. Suppose the term p ni ai[D aini , D a2U2 \ enters into the formula for J r 1 but 
does not enter into the formula for F' . 

Then ai, a 2 < C, p ni a 1 +p n2 a 2 = 7 ^ v and n 2 ^ M - N* . Then 

p^ai = -f-p n2 a 2 > v -p M q~ 1 C > r*(l - q' 1 ) -p M q~ 1 C > v - 61 



(use 4.3.2a)). Therefore, p n ^ a x > v ,p n ^D aini G B { k Vo) J^ndp^ ai [D aini , D a2n2 ] G 

(V 

k 



The lemma is proved. 
Now notice that: 

• if 7 > vo, then the term t^~ 97+r ( - 9_1 ' ) jF 7 belongs to £^(7) = B^; 

• if 7 < vo, then the term t 1 <?7+r ^ 1 " ^ T' belongs to J mi . 

So, the ideal £>("°) appears as the minimal ideal I of B such that I contains the 
ideal B^ Vo+ ^ and such that the largest upper ramification number of the field of 
definition over K\ of the solution X" G Bk 1 ( p ) m od/^i(p) of the equation 

X" - aX" = T^t-^*^ modI Kl{p) 

is less than qv — r*(q — 1). 

It only remains to notice that pJ- Vo G B k Vo+ \ and if F Vo Ik then the upper 
ramification number of the field of definition Ki(X", I) over K\ is equal to 
qv - r*(q - 1). 

The theorem is proved. 

5. Compatibility with ramification filtration. 

In this section with the notation from n.l, A = A mod J" 3 , A\- = A®W(k). 
For any v ^ 0, A^ = A (v) modJ 3 , A [ k ] := A^ <g> W{k). We also set J = 
J mod J 3 with the corresponding extension of scalars Jk = J®W{k). Suppose / is 
a continuous automorphism of the Z p -algebra A such that, for any v ^ 0, f(A^) = 
A( v >. Consider the identification jTmod J 2 = T(p) ab from part b) of proposition 1.2 
and denote again by / the continuous automorphism of M. = I(p) ah modp induced 
by /. Consider the standard topological generators D an: a G Z(p),n G ZmodiVo, 
for M. and set, for any a G Z(p), 

f(D aQ ) = ^2a a bm{f)Dbm, 

b,m 

where the coefficients a a b m (f) G k. With the above notation, the principal results 
of this section are: 

if ojho(/) ^ and JV > 3 then 

• there is an 77 G Aut° K such that for any a, 6 G Z(p) and a ^ b < p N °~ s , it 
holds a ab0 (f) = a ab0 (ri*); 

• if a ^ 6 < p N(> ~ 3 and mGNis such that 6/p m < a then a a ,(,- mm od]Vo(/) = 0. 
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5.1. The elements J r 1 {y). 

By Theorem B, cf. n.4.2, for any v ^ 0, the ideal is the minimal closed 
cr-invariant ideal in Ak containing the explicitly given elements JF 7 , for all 7 ^ v. 
For any a G Z(p) and n G ZmodiVo, set A a0 = {l/a)J- a and A an = a n A a0 . Then 
A an = D an mod^ and {A an \ a G Z(p), n G ZmodiVo} U {-Do} is a new system of 
topological generators for Af.. The elements of this new set of generators together 
with their pairwise products form a topological basis of the W (k)-modvle A k . 

For any 7 ^ v ^ 0, consider the following elements J~<y{v) (these elements have 
already been mentioned in n.4.2): 

If 7 = ap m with a G Z(p) and m G Z^ set 

.F 7 (v) =p m aA am - ^ p n a 1 A ain A a2n ; 

n^0,ai ,a2 6Z(p) 
p™(ai+a 2 )=7 
p"ai,p Il a 2 <u 



If 7 ^ Z set 



jf 7 ( w ) = - ^ p ni ai[A aini , A a2n J. 

ni >0,ai ,a 2 eZ(p) 
p"iai+p"2 a2=7 

p" 1 ai,p™ 1 a 2 <« 



Similarly to n.4.2, we have the following property. 

Proposition 5.1. For any v ^ 0, A^' is the minimal a -invariant closed ideal of 
Ak containing the elements F>y(v) for all 7 ^ v. 

5.2. The submodules A^) and A^ m . 
Suppose v ^ 0. 

Let A^ be the II / (/c)-submodule in Ak generated by the following elements: 
tri) p s A an with s ^ and p s a ^ 2v; 

tr 2 ) p s A aini A a2rt2 with ai,a2 G Z(p), s ^ and 77-1,77-2 G ZmodiVo such that 
max{p s ai, p s a,2} ^ f. 

Let A^ m be the minimal closed VF(/c)-submodule in A k containing A[^ and the 
following elements: 

admi) p s A an , with s ) 0, o G Z(p) and p s a ^ u; 

adm 2 ) p s A aini A a2n2 , where ai, a 2 G Z(p), 77-1,77-2 G ZmodiVo and s = s(ai, a 2 ) G 
Z^o are such that: 

(1) v jp ^ max{p s ai, p s a2} < v; 

(2) max jp s ^ai + ^7^) (^~7 + J ^ v > where < ^12,^21 < N , 
ni2 =ni—n2 mod iV and 7121 = 772 — 77-1 mod iVo; 

f 3^ if n, = Tin i Rem /i , -I- /"),-. = f) mnrl r> 
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Proposition 5.2. For any v ^ 0, 

i) f{At ) ) = At ) ; 

3) the elements from adrrii) and adm 2 ) form a k-basis of A^ m mod A^) . 

Proof. 1) It is sufficient to notice that A^) is the minimal cr-invariant W(k)- 
submodule in A containing Y^^2v ^ 1 (v)W(k) + Y^^v F~i(v)J k . 

2) From the above n.l) it follows that A^ D A[ V J . The embedding A^ C A { ^ m 

follows from the definition of A^ m : as a matter of fact, A^ is spanned by all 
summands of elements o s T 1 with s G ZmodiVo and 7 ^ v. The embedding 
P^-adtn c ^-tr follows from the fact that each element listed in adu^) and adm 2 ) 
belongs to A^) after multiplication by p. 

3) It is easy to see that any /c-linear combination of the elements from admi) 
and adm 2 ) does not belong to A^' modpA^ m . 

Proposition 5.3. Suppose v ^ and p s A aini A a2Tl2 is one of elements listed in 
adm 2 ). Let n = min{ni 2 , n 2 i}. If 

v/p N °~ n ^ d(v) := min{v - a \ a G Z, a < v} 

then there are unique m G ZmodiVo and 7 ^ v such that p s aiA aini A a2n2 appears 
(with non-zero coefficient) in the expression of a m J r 1 {v) . 

Remark. We are going to apply this proposition in the following situations: 

(1) v G N, v < p N °, ni=n 2 = 0; 

(2) v = c + 1/p, ni = 0, n 2 = -1, where c G N and c < p N °~ 2 . 

Proof. By symmetry we may assume that n = ni 2 . 

If n\2 7^ we have p s I a\ + — ] = 7 ^ v, because of property adm 2 )(2), and 

V P n J 

P s + «a) < + P '** < d(v) + {v- d(v)) =v^ 1 . 

Therefore, the term p s A aini A a27l2 appears in the expression of o~ ni ~ s ^^(v). This 
term will appear in the expression of another o~ n JF 7 /(i>), where 7' ^ v, if and only 

if v s ( ai H ° 2 Ar I ^ « or p s — ^ h a 2 | ^ v, where m G N. But the 

V p«+"i7V y 1 \pmN -n J 

condition v/p N °~ n < d{y) implies that all such numbers are less than v. 

If ni2 = then 7 = p s (a\ + a 2 ) ^ v and p s A aini A a2n2 appears in the expression 
of o- ni ~ s J r 1 (v). This element can appear in the expression of another a n jF 7 /(t>), 

where 7' ^ v, if and only if Y = p s ( ai + ) ^ v or Y = p s ( + a 2 ) ^ v, 



where m G N. As earlier, 7' < v in both cases. 
The proposition is proved. 

Remark. If v/p N °^ 2 < d(v), then elements of the set 
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are linear combinations of disjoint groups of elements listed in admi) and adm 2 ). 
5.3. Denote by the same symbol / the morphism of VF(/c)-modules 

AW modA[ v J — > AW modAg\ 

which is induced by / : A — ► A. As earlier, denote again by / the /c-linear 
extension of the automorphism of Ai, which is induced by /. Because the images 
of D an and A an coincide in Aik, we have, for any a G Z(p), 

/(A o0 ) = ^2 a abm (f)A brn . 

m£Z mod No 

It will be convenient sometimes to set a bo(/) = if a or b are divisible by p. 

Proposition 5.4. Suppose «no(/) = a G k* . Then a aa o(f) = a a , for any a G 

Z(p) such that a < p N °~ x if p ^ 2 and Nq ^ 2, anrf such that a < 2 N ° if p = 2 and 

Proof. By proposition 5.3, for any v ^ p N ° such that v = mod tj, f{J-' v {v)) mod 
must contain all terms aiA ai oA a2 o, for which ai + a 2 = and the term p s aA as , 
where p s a = v and a G Z(p), with the same coefficient. In other words, for such 
indices ai, 02, a G Z(p), 

(5.1) a aiai o(/)a a2a2 o(/) = cr s a a ao(/)- 

For a G Z(p), a < p^ , set 7(a) = oj aa o(/)ano(/) _1 - Then 7(1) = 1 and 
7(01)7(02) = 7(a) pS if ai + a 2 = p s a. 
Suppose p 7^ 2. 

First, we prove that for n G Z(p) satisfying 1 ^ n < p N °~ x : we have 

(5.2) 7 (n) = 7C2)"- 1 . 
This is obviously true for n = 1 and n = 2. 

Assume that n ^ 2 and that 7(771) = 7(2) m_1 holds for all m G Z(p) such that 
m ^ n. Consider a special case of relation (5.1) with n G Z(p) 

(5.3) 7(l)7(np- 1) = 7(n) p 

If n ^ — 1 mod tj then use the relation -f(p — 1)7(7? + 1) = 7(2) p , which is again a 
special case of (5.1), to deduce from (5.3) that 

7(77 + 1) = 7 (l) 7 (n + 1) = 7 (n)7(2) = 7(2) n - 

If n = —1 modp and p 7^ 3 then n ^ 4 and by the inductive assumption 7(3) = 
7(2) 2 . Apply the relation 7(77 - 1)7(277+1) = 7(3) p = 7(2) 2 p to deduce from (5.3) 
that 

7(77 + 1) = 7 (l) 7 (n + 2) = 7 Ht(2) 2 = 7(2) n+1 - 

2 

If p = 3 then "f(p — l)7(2p + 1) = 7(l) p and we obtain from (5.3) that 

_,/„ 1 i\ i o\ f„\ m\n—l /o\n+l 
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because 7(2) = 1 (using that 7(1)7(2) = 7(1) 3 ). 
So, relation (5.2) is proved. 

Still assuming that p 7^ 2 prove that 7(2) = 1. The relation 7(1)7(7? — 1) = 7(l) p 
implies that 7(2) p ~ 2 = ^{p — 1) = 1. The equality 

7(l)7(p 2 - 1) = 7(l) p2 implies that 7(2)p 2 " 2 = 7 (p 2 - 1) = 1. Then 7(2) = 1 
because p 2 — 2 and p — 2 are coprime. This completes the case p 7^ 2. 

Consider now the case p = 2. 

Notice that for any n G Z(2) such that 1< n < 2 N « , we have n + 1 = 2 s a, where 
a G Z(2), sGN and a < n. Therefore, 7(1)7(71) = 7(a) 28 and the equality 7(71) = 1 
follows by induction onn^l for all n < 2 N ° . 

Corollary 5.5. If otuo(f) = 1 then a aa o(f) = 1 whenever a < p N °~ x , p 7^ 2 or 
a < 2 N °, p = 2. 

Proposition 5.6. Suppose N ^ 3, a 110 (f) G k* , a,b G Z(p), a, 6 < p^ " 2 . // 
^ m < N Q and b/p m < a then a a)6 _ mmodAfo (/) = 0. 

Proof. For a given b G Z(p), 6 < p N °~ 2 and 1 ^ m < iVo, let a G Z(p) be the 
minimal integer such that a a ',b,-m(f) = if a' > a. If such an a does not exist 
then a a ,b,-m(f) = for all a and there is nothing to prove. 

If p 7^ 2 put u = p N ^~ x and consider f(T v {v)) mod(A^' ) + P^adm)- 

We prove that the term A„_ a A5 _ m enters in /(jF„(w)) with the coefficient 

(5.4) (v - a)a v - atV - at o (/) = 

&OL v — a,w — a,0 — m (/)• 

Indeed, jF„(t>) mod(A^' ) + P-A^ m ) is a sum of the terms of the form aiA ai0 A a2 o 
with ai,a2 G Z(p) such that ai + 02 = v. Therefore, /(aiA ai oA a2 o) contains 
A v - aj oAb ; -m with coefficient 

a l a ai,v— a,o(/) Q! 02,6,— m (/)• 

Now notice that cx a2 ,b,-m{f) = if a2 > a, and a ai ,v-a,o(f) = if ai > v — a or, 
equivalently, if a2 < a. So, ai = t> — a and the coefficient is given by formula (5.4). 
By the choice of a, the coefficient (5.4) is not zero. Therefore, A„_ aj oAb 5 _ m G 

A %dm- Notice that 

f b v — a 1 6 
max < ?j — a H , —r- r \- b > = v — a H 

j pm pN -m j pm 

and 6/p m ^ a. Indeed, we can use that 

Therefore, w — a + 6/p m ^ i>, i.e. 6/p m ^ a and the proposition is proved in the 
case p 7^ 2. 

If p = 2 we can take w = 2^° and repeat the above arguments by using in the 
last step the inequality 

»- +4< ^ + 2 «,- 2<2 «,_ a f 1 _ M,„_ 0+ » 



m 



2 N o-m 2 " ~' \ 2 m J 2 

The proposition is completely proved. 

5.4. Suppose r G N is such that a a a'o(f) = for any a, a' G Z(p) such that 
a<a'<a + r< p N °~ 2 . 
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Proposition 5.7. Assume that ano(f) = 1. If b,b\ G Z(p), &i = 6 + r and 
6i +5(p) < p^ 0-2 i/ien a bbl0 (f) = a b -s(p),b 1 -S( P ),o(f)- 

Proof. 

Let ao = p N °~ 2 — 1, vq = ao + 1/p, v = ao H — . We need the following lemma. 

P 

Lemma. If a', b', c ^ ao and a' + o'/p = v then av,c,-i(/) = 0. 
Proof of lemma. It follows from the inequalities 

c a a 6' , 

- ^ — ^ao <f = a 

p p p p 

and proposition 5.6. 

We continue the proof of proposition 5.7. Consider 

Fv{v ) = - Yl a '[A a 'o, A b / _i] modpA^ m . 

a'+b' /p=v 
a' ,b' 

Using that vo/p 1 * 0-1 < d(vo) = 1/p, cf. proposition 5.3, we can find now the coef- 
ficient for [A ao o, Ab lj _i] in f{J~ v { v o))- By the above lemma 
a a',b,-i(f) = 0, therefore the image of the term a'[A a / , A^-i] gives a coefficient 

a'a a ' ao o(f)a~ 1 (a b ' bl0 (f)). 

If a' < ao and a a / ao o(/) 7^ then a' ^ ao — r, b' ^ 6 + rp > b\ and cc b > bl o(f) = 0. 
So, the coefficient is non-zero only for a' = a . Then by Corollary 5.5 a a >a o(f) = 1 
and the coefficient will be equal to aoa~ 1 (a bbl o(f))- 

If p 7^ 2 we can proceed similarly to find the coefficient for [A ao _i 5 o, A bl + Pj -i] 
in f(J 7 v (vo))- It equals (ao — l)a~ 1 (a b+P!bl+Pj o(f)). Therefore, by proposition 5.3 

«66i0(/) = Ct b+Pibl+P:0 (f) 

and the case p 7^ 2 is completely considered. 

If p = 2, we similarly find similarly the coefficient for [A ao _2,o> ^b 1 +4,-i] i n 
/(Fvivo)). It equals (a - 2)o-~ 1 (a b+4 ,b 1 +4,o(/)) and we obtain 

«66io(/) = «6+4,6i+4,o(/)- 

The proposition is proved. 

5.5. Now we come to the central point of this section. 

Proposition 5.8. Suppose ano(f) 7^ and N > 3. Then there is an 77 G Aut° X 

snca that ce a bo(fv*) = °~ab, for any a, b G Z(p) ratt a ^ b < p N °~ 3 ; where 5 ab is the 
Kronecker symbol. 

Proof. Proposition 5.4 together with part 2) of proposition 2.1 imply that after 
replacing / by frf for some 77 G Aut° _KT such that rj{t) = ocno(f)t, we can assume 
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Let r = r(f) G N be the maximal subject to the condition that a a bo(f) = 0, for 
any a, b G Z(p) with a, b < p N °~ 2 and a < b < a + r. . 

If r ^ p N o-3 _ i then there is nothing to prove. Therefore, we can assume 
that r ^ p N() ~ 3 - 2. For 1 < a < p N °~ 2 : set a a (r) = a a , a +r,o(f) if a G z (p) and 
a a (r) = 0, otherwise. 

By proposition 5.7 a a (r) depends only on the residue a mod 5 (p) and by the 
choice of r the function a i— > a a (r) is not identically zero. The proposition will be 
proved if we show the existence of r\ G Aut° if such that r(frf) > r(f). 

In the case p ^ 2 apply proposition 2.5 with iuq = 1 + r. Let r\ will be the 
corrsponding character. If r(frf) > r(f), then the proposition is proved. So, 
assume that r(frf) = r(f). Therefore, by replacing / by frj* we can assume the 
following normalisation conditions: 

a) ai(r) = if r ^ — 1 modp; 

b) 0^2(7) = if r = — 1 mod p. 

In the case p = 2, apply proposition 2.6 with either wo = r + 2ifr = 2 mod 4 or 
Wo = 7* if t = 0mod4. In the first case we have the normalisation condition 

c) ai(r) = a 3 (r) = 0; 

in the second case we obtain only that 

d) «i(r) = 0. 
The case p 7^ 2. 

If r = p N »~ 3 - 2 then «i(r) = a ab0 {f) = if a = 1,6 = p^ " 3 - 1. For all 
other couples a, b G Z(p) such that a < b < p N °~ 3 : we have ot a bo(f) = because 
b — a < r. Therefore, we can assume that r ^ p^" -3 — 3. 

LetCj = p(r+l)+j for .7 = l,2,...,p-l. Then < p(p Ar °" 3 -2)+p-l < p N °~ 2 , 
for all j. Set Vj = c 3 ■ + 1/p and consider the coefficient for F v .+ r {vj) in the image 

f{F Vj (v s )) G A^l mod + pA%&. 

Similarly to the proof of proposition 5.7, we see that the term [A c . , Ai +rP) _i] 
from the expression of J r Vj+r {vj) can appear with non-zero coefficient only as image 
of one of the following two terms from T v . (vj): (cj — r) [A Cj ._ rj0 , Ai +rPj _i] and 
Cj[A Cj . , Ai _i]. This coefficient is equal to 

(cj - r)a Cj - r (r) + Cja ljl+rPj0 (f). 

Similarly, the term [A^.-^o, A 1+ ( r+1 ) P) _ 1 ] from the expression of Fy.+ri^Vj) can 
appear with non-zero coefficient only as image of (cj — l—r) [A c ._i_ r) o, A 1+ ( r+1 ) P) _ 1 ] 
and (cj — ^[Ac-i^jAi+p-i]. This coefficient is 

( Cj - 1 - r)a Ci _i_ r (r) + ( Cj - l)a" 1 a 1+P) i +(r+ i )P)0 (/). 
Therefore, we have the following relation 

(5.5) ^ a c r (r) = -± — a c ,_i_ r (r) + X, 

Cj Cj - 1 

„.i v -l/„. r -cw _-!/„. r j-w 
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For j = l,...,p — 1, set (3j = — otj- r (r). Then the above relation (5.5) 

implies that fo = + X, fo = fo + X, . . . , f3 p -i = (3 p - 2 + X. 
The case r ^ Omodp, p ^ 2. 

In this case the normalisation conditions imply that 

— if r ^ — 1 modp then /3 r +i = 0; 

— if r = — 1 modp then /3 r+ 2 = 0. 

In both cases /3 r = 0. This implies that (3\ = • • • = (i v -\ = 0. Therefore, 
a a{ r ) = 0, for all a. This is a contradiction. 

So, in the case r ^ Omodp, p ^ 2 the proposition is proved. 

The case r = Omodp, p ^ 2 

In this case we only have the normalisation condition /3i = 0. Therefore, for 
i = 1, . . . ,p — 1, we have (3i = (i — 1)X and a a (r) = (a — 1)X for any a G 
a < p^" 3 . 

Let v = (p—l)r+p and consider the coefficient for jF„_|_ r (i>) in the image f(T v {y)). 
Following the images of terms of degree 2 we see that this coefficient equals — 2X. 
Now notice that the linear terms in Tyiy) (resp. J r v+r (v)) have coefficients with 
p-adic valuation v p ((p — l)r + p) (resp. v p (pr + p)). Clearly, if 1 = v p (pr + p) 
and if 1 < v p ((p — l)r + p) then the linear term of jF„ +r (t)) cannot appear in the 
image f{T v {v)). Therefore, 1 = v p (pr + p) = v p ((p — l)r + p) and the linear terms 
in Tyiy) (resp. J r v+r (v)) are multiples of A r+1 _ r / p l (resp. A r+ i ; i). But then 
(r + 1) — (r + 1 — r/p) = r/p < r and by the definition of r, A r+ i ) i will not appear 
in the image F(A r+1 _ r / p This contradiction proves the proposition in the case 
r = modp, p ^ 2. 

The case p = 2. 

Here r = 0mod2. If r = 2 mod 4 then the normalisation conditions imply that 
ct a (r) = for all a and the proposition is proved. 

If r = 0mod4 then we only have one normalisation condition a a (r) = if 
a = 1 mod 4. Let a a (r) = a where a = 3 mod 4. Consider 

Jv+4(r + 4) = (r + 4)A^ jS + £ A a0 A b0 G a££> mod^ +4 ), 

a+6=r+4 
a,&<r+4 

where s = U2(r+4) > 2. Then /(jF r+4 (r+4)) contains A r _|_i i0 A r+ 3 ) o with coefficient 

«l,r+l,o(/) + <*3,3+r,o(/) = «, 

and therefore it contains JF 2r+ 4(r + 4) with coefficient a. Similarly to the case 
p 7^ 2, we obtain the equality u 2 (?" + 4) = u 2 (2r + 4) = 2 and consequently the 
fact that /(A r /2+i,2) cannot contain A r / 4+ i i2 with non-zero coefficient because 
(r/2 + I ) — (r/4 + 1) = r/4 < r. The proposition is completely proved. 

6. Proof of the main theorem — the characteristic p case. 

Suppose char E = p. 

Then char£" = p because the topological groups r£(|?) ab and r#/(p) ab are 
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the residue fields of E and E' are isomorphic. Therefore, E and E' are isomorphic 
complete discrete valuation fields and we can identify the maximal p-extensions 
E(p) of E and E'(p) of E' . 

Let K be a finite Galois extension of E in E(p). Then E(p) is a maximal p- 
extension of K and r^(p) = Gal(E(p)/K). Let If' be the extension of E' in E(p) 
such that (7(r^-(p)) = Yk'{p) (recall that g is a group isomorphism). If s ^ 
and if s is the unramified extension of K in E{p) such that [K s : K] = p s then 
g(TK s (p)) = Tk' s (p), where K' s is the unramified extension of K' in E{p) of degree 
p s . Therefore, with the notation from n.3 we have a compatible system Qkk 1 = 
{9kk's}s^o of Fp-linear continuous automorphisms gxK's '■ M-Ks — ► M-K's- 

Now choose uniformising elements tx and tx' in K and, resp., K' . Consider 
the corresponding standard generators D a n (resp. Dan), where a G Z(p) and 
n G ZmodiV s , of -M^ = M.Ks®kk{p) (resp., Mk's = M-Ks®kk{p))- Here, as 
usual, k ~ ¥ qo is the residue field of K, q = p N( \ N s = N p s . Then 

gKK's(D a S Q ) = ^ ®abm(gKK>s)D' b ( ^ 

b e1(p),m El mod N 3 

with a a bm(gKK's) e k s C k(p). 

For each s ^ 0, choose n s G ZmodiV s such that aiinjjKK's) 7^ 0: n s exists, be- 
cause gKK's induces a /c (p)-linear isomorphism of .M^s mod .M^, and M.K' s mod 

Let Fr(tx') G AutK^ r be such that Fr^^/) : t^/ 1— > tx' and Fr(tx')U(p) = a - 
Let £ G Iso (-fT^., if ur ) be such that = £kt. 

For any s ^ 0, Fr(tx') (resp. £) induces a continuous field isomorphism — > 
K' s (resp. — >■ K 8 ). It will be denoted by Fr(t^/) s (resp. £ s ). With notation 
from n.3, we introduce continuous group isomorphisms 

9kk>8 = 9KK' S Fr(t K ,)™ s * : M Ks — ► M K 's- 

Clearly, h s := g%x's^s * s induced by an automorphism of Vk 3 {p) which is com- 
patible with the ramification filtration. Notice also that, by proposition 2.1, if 

a G Z(p), n G ZmodiV s and 

b,m 

then a a ,b,m-n s {h s ) = a ns a a bm(gKK's)- In particular, a 110 (h 8 ) ^ 0. Therefore, 
applying proposition 5.6, we obtain that for all s ^ 0, 

h s G Autadm-MA- s modA<^ s y , 
the residues n s G ZmodiV s are unique, and n s+ imodJV s = n s . Here we use that 

( s _|_l) (g) - - 

D an !— > -Dan under the natural morphism from A^k,s+i to -Mif s . Then li^ := 
{^s}s>o and g° KK i := {fi , ^i^' s }s>o are compatible systems and, by propositions 

3.3 and 5.8, they are special admisible locally analytic systems. By proposition 

3.4 there is an t]kk' G Iso (K, K') such that g% K ' an = d(r)KK')®kk{p)- Notice 
also that if ukk' '■= |im n, G H_mZ/A^ s Z then gKK' = 9°kk' Fr(tK')~ nKK '* , where 

s s 

"ev/'j. ^* Tttu/j- \ 1 :„ -i-U„ „i-:ki„ „,.„-i-„™ £„„™ „ o r 
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Suppose L is a finite Galois extension of E in E(p) containing K. Proceed simi- 
larly to obtain V C E(p) such that g induces an isomorphism of Tl(p) and Tl>{p), 
the corresponding compatible system <7lz/ = {gLL's}s^o and the special admissible 
locally analytic system g LL , = {g LL , s } s ^o, where g LL > = g LL , Fr(t L /) _n "'*, to- 
gether with the corresponding t]ll' G Iso (L, Z/) such that g LL , an = d(r]LL')®k L kL(p) 
Here fc^ is the residue field of L, fcj, ~ F p M and n^i/ G JimZ/p MoP *Z. Notice that 
all these maps depend on some choice of uniformising elements and in, re- 
spectively, L and L'. 

The systems and gKK' are comparable because both come from the group 
isomorphisms Tl(p) — > Tl'(p) and Tk(j>) — ► rj<-/(p) which are induced by g. If 
-Tl/k is the inertia subgroup of Ga\(L/K) then there is a natural group embedding 
-Tl/k C Aut (L) C Aut°(L ur ). Similarly, we have a group embedding for the inertia 
subgroup of Gsl(L'/K') into Aut°(L'). 

Let k : Il/k — > Il> /k> be the group isomorphism induced by g. Then r^g^L's = 
gLL'sK(r)* , for any t E Il/k and any s ^ 0. This implies that 

T*gLL' ur = gLL' utK(t )*, 

i.e. condition C from n.3.7 holds in this case. 

Let Hkk' = VKK'F^(tK')~ fiKK ' e Iso(K,K') and fji LL , = rj LL >Fr(t K ')~ nLL ' e 
Iso(L,L'). 

Proposition 6.1. Wzt/i £/ie a&oue notation: 

a) fJ-LL'\K = f'KK',' 

b) /or any r G T/i LL > = Hll'k{t). 

Proof. Let a = Fr(t^/) n ^^'. Consider K' UT as a subfield in L' UT and set J^ u ' r = 
a(K' ur ) C L ur . Then K" T is the maximal unramified p-extension of the complete 
discrete valuation field K" := a(K') C in -E'(p). 

Let (3 = «|k ui .- Consider the following commutative diagramm 

iTl 9lL'ut m~j a L'L' ur iT A 



A A 9KK' ur A J 1 K'K" ur IV 

jVljfur > Mk'my > Mk" ur 

where the vertical arrows come from natural embeddings of the corresponding Ga- 
lois groups. 

The systems g LL , = gLL'&L'L' an d Skk" '■= Qkk'^k'K" are comparable, be- 
cause they come from the compatible group isomorphisms Tl(p) — ► ^L'(p) and 

Tk(p) — >Tk"(p)- In this situation, condiditon C is automatically satisfied and, by 
proposition 3.5, the admissibility of g LL , implies the admissibility of fKK"- Because 
the group homomorphism / is compatible with ramification nitrations, we can ap- 
ply the results of section 5 to deduce that /kk" is special admissible locally analytic 
and that there is an r^^, G Iso (-fT, K") such that Jkk" an = &{v\[K")®kk{p) and 
Vll'\k = Vkk"- 

Consider V := Vkk>Vll>\k e lso°(K', K"). Then 



i „i 



_ /„0 \ — l/„ n* \ 
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Therefore by proposition 2.7, 

Vkk>Vll'\k = Fr(t K/ )-^^' Fr(t L ,f^' \ K 

or [lLL'\K = [IKK>- 

Part a) of our proposition is proved. 

Consider the inertia subgroups Il/k C Gal(L ur /K ur ), Il'/k 1 C Gal (L' ur /K' ur ) 
and Il'/k" C Ga^L^/K^). As it was noticed earlier, the correspondence 

* /* — 1 * 

T = g LL , UT T QLL' ur 

induces a group isomorphism k : Il/k — > Il'/k' such that k(t) = r 1 . 
We use the correspondence 

* / // — i / 
a ~. t i — > t = a t a 

to define the group isomorphism K a : Il'/k' — > Il'/k" such that K a {r') = r" . 
With this notation we have the following equality of compatible systems 

* o o // * 

t ll9ll' — 9ll ,t l'L' > 

where as earlier, g LL , = gLL'C^L'L'- 

Therefore, the equality (r?7 LL /) an = {rl L g LLI ) an = (g° L L' T L'L*)^ = (VLL>T") an 
together with proposition 2.7 and the definition of r" imply that tt]ll' = Vll't" = 
riLL'or x r'a, i.e. t^xlu = Vll>t'. 

The proposition is proved. 

Let fj, := limnKK' '■ E(p) — ► E(p). Clearly, it is a continuous field isomorphism 
and fi(E) = E' . 

Proposition 6.2. /j,* = g. 

Proof. As earlier, let K and K' be Galois extensions of E and E' , respectively, such 
that g(T K (p)) = T K ,{p). 

By part b) of the above proposition 6.1, the correspondences \i* : r i— > / u _1 r / u 
and g \ t i — > g(r) induce the same isomorphism of the inertia subgroups Ik(p) — ► 
Ik'(p)- Consider the induced isomorphism lK(p) ah — >■ lK'(p) ah - With respect 
to the identifications of class field theory I/c(p) ab = Uk and lK'(p) ah = Uk 1 , 
where Uk and Uk 1 are groups of principal units in K and K' , respectively, this 
homomorphism is induced by the restriction of the field isomorphism [xkk 1 on Uk- 
In addition, [ikk 1 transforms the natural action of any r G ^e(p) on Uk into the 
natural action of g{r) G Te>(p) on Uk 1 - Therefore, the two field automorphisms 
Li~ 1 t/j\k> and g{r)\K> of K' become equal after restricting on Uk 1 - This implies 
that they coincide on the whole field K', i.e. / u _1 r / u = g{r) mo&T K'{p), for any 
t G Fe(p)- Because K is an arbitrary Galois extension of E in E(p) this implies 
that g = fx* . 

So, proposition 6.2 together with the characteristic p case of the Main Theorem 
are completely proved. 
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7. Proof of the main theorem — the mixed characteristic case. 

In this section char E = 0. Clearly, this implies that char E' = 0. 

7.1. Following the paper [Wtb] introduce the categories \1/ and the functor 
$ : \I> — ► 

The objects of ^ are the field extensions L/K, where [K : Q p ] < oo, L is 
an infinite Galois extension of X in a fixed maximal p-extension -ftT(p) of K and 
r^/x = G&L(L/K) is a p-adic Lie group. A morphism from L/K to an object 
L'/K' in $ is a continuous field embedding / : L — > L' such that [V : f(L)] < oo 
and f\x is a field isomorphism of K and K'. 

The objects of ^ are couples (/C, 67) where /C is a complete discrete valuation field 
of characteristic p with finite residue field and 67 is a closed subgroup of the group 
of all continuous automorphisms of K. In addition, with respect to the induced 
topology 67, is a compact finite dimensional p-adic Lie group. A morphism from 
(X, 67) to an object (X', G') in \1/ is a closed field embedding / : /C — > KJ such that 
K.' is a finite separable extension of /(/C). In addition, /(/C) is G'-invariant and the 
corrspondence r i— > t|/(;c) induces a group epimorphism from 6?' to 67. 

Let X be the Fontaine- Wintenberger field-of-norm functor, cf. [Wi2]. Then the 
correspondence L/K i— > [X{L),G L / K ), where G L / K = {X(r) \ r G r L /^} 5 induces 
the functor $ : \1> — > \1>. 

One of main results in [Wil] states that the functor $ is fully faithful. 

7.2. Let {E a / E,i a p}z be an inductive system of objects in the category 
From now on X is a set of indices a with a suitable partial ordering. The connect- 
ing morphisms i a p G Hom^(i? a , Ep) are the natural field embeddings defined for 
suitable couples a, j3 G X. We can choose this inductive system to be large enough 
to satisfy the requirement limi? a = E(p). 

By applying the functor we obtain the inductive system {(£ a , G a ), i^p}? in 
the category \I>, where (£ a , G a ) = $>(E a /E) and i^p = $(i Q/ 3), for all a G X. Then 
lim£ a = £ (p) is a maximal p-extension for each field £ a , a El. 

Notice that the field embeddings i a p induce group epimorphisms j a p : Gp — >■ 
G a with corresponding projective system {67 a , j a p}x such that hjn6 Q is identified 
via the functor X with Fe(p)- For any a G X, we then have the identifications 
FE a (p) = Ts a {p)- These identifications are compatible with the ramification nitra- 
tions. This means that one can define the Herbrand function ip a for the infinite 
extension E a /E as the limit of Herbrand functions of all finite subextensions in E a 
over E and 

r E (p) {v) nT Ea (p) = T £a (p)^\ 

for all v > 0. 

7.3. Consider the group isomorphism g : Te(p) — ► Te'(p) from the statement 
of the Theorem. For a G X, let E' a C E'(p) be such that g(T Ea {p)) = ^E' a {p)- 
Then we have the corresponding injective system {E' a , i' af3 }x and limi?^ = E'(p). 

Clearly, for any a G X, 

• E'JE' is an object of 

• := 3 a modr Ba (p) : r Ea/E — > ^E' a /E> is a group isomorphism which 
is compatible with the ramification nitrations; in particular, this implies that the 

"U" — l — „„j £. j-; — „ t — -i-U„ ;„-C„;-i-„ — ,-1- — „: — „ tp It? „„j t?i I t?i „ „i. 
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• for any v ^ 0, g a := g\-p E ( p ) induces a continuous group isomorphism of 

r B (p)Wnr Bo (p) and r^(p)(«) nr B; (p). 

For a G X, set *(^/^) = (^,G" a ) and *(i' a/J ) = ? ap . Then {(E' a ,G' a ),V afl } x 
is an inductive system, lim.£' a : = £'(p) is a maximal p-extension for each £' a . As 

earlier, we obtain the projective system {G' a ,j' a p}j and the field-of-norms functor 
allows us to identify the topological groups |im G' a and Ye'{p)- Therefore, for any 
a G X, we have an identification of the groups Ye' (p) and IV (p). 

This implies that for all a G X, we have the following isomorphisms of topological 
groups: 

• g a ■= X(g a ) : Y £a (p) — ► Y £ ^(p) such that, for any v ^ 0, y«(r £a (p)^)) = 

rv»w ; 

• -^(<7a) : — > G' a which maps the projective system {G a ,J a/ 3}j to the 
projective system {G' a ,j' af3 }j. 

7.4. By the characteristic p case of the Main Theorem for all a G X, there are 
continuous field isomorphisms p, a : £ a — ► £' a such that 

• {Aajaex m &ps the inductive system {£ a , i a f3\i to the inductive system {£' a , i' a/3 } 

• X(g a ) is induced by p, a , i.e. if r G 67 a and r' = X(g a ) G then r\x a = jx a r' . 

Because $ is fully faithful for all a G X, there is a // a G Hom$(£ a /£, E' a /E') 
such that 

• {^ a }aei transforms the inductive system {E a /E, i a p}z into the inductive 
system {E'JE', i' af3 } x ; 

• if t G Y Ea/E and r' = g a {r) G Y E > a /E> then r/x a = ^ a r'. 

Therefore, ji := lim^a is a continuous field isomorphism from E(p) to E'(p) 

such that Tfx = ^g(r), i.e. y(r) = / u _1 r / u, for r G ^mY Ea /E = r^(p) and y(r) G 
Hmr^ /jE , = IV (p). 

The Main Theorem is completely proved. 
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